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Preface 


The pictures on the front cover of this book depict an example of stick-slip vibrations: the sound 
of a violin. Playing a violin is a complex task, involving load transmission throughout the body, 
intricate balance, eyes-head-neck-hand-fingers coordination and the execution of movements which 
leads to stick-slip vibrations. The quest toward understanding how we perform such tasks with skill 
and grace often in the presence of unpredicatable perturbations has a long history. However, despite 
a history of magnificent music and musical acoustics, until recent times our state of knowledge of 
friction induced oscillations occuring in such a basic mechanical system as well as in our everyday 
life was rather primitive. 


The study of friction oscillators is not a mature discipline. For instance, within this book, re- 
spected leaders in the field find that understanding even simple stereotype movements in presence 
of friction is quite challenging. Similarly, researchers in deployable space structures find that it is 
surprisingly difficult to get machines to move gracefully or to interact intelligently in a dissipative 
environment. Yet a young violinist can perform a countless variety of tasks involving complex non- 
linear dynamics of oscillations with slip-slick friction quite effortlessly. Firction dynamics is a field 
that consistently humbles the researchers. Because of the complexity of friction, different friction 
laws are used to model different phenomena. For example, to model the self-excited oscillations in 
a violin bow and string, it is sufficient to express the friction as a function of sliding velocity, where 
the friction has a negative slope. To model stick-slip motions, the friction law used is a Coulomb 
law, featuring a multivalued static friction. Static friction is multivalued because it can take on a 
range of values to balance externally applied loads. Modern friction laws take into account variables 
in addition to normal load and velocity, in hope that these additional state variables can model 
the hysteretic effects of plastic deformation, creep and other mechanisms which may be unknown. 
Such friction laws have been used for analytical treatment of friction damped systems which had 
lead to mathematical models that are highly nonlinear, discontinuous and non-smooth. Discontin- 
uous and/or non-smooth processes introduce problems with phase-space reconstructions, rendering 
analytical techniques such as perturbation methods and linearization in the vicinity of equilibrium 
impossible. Numerical treatments of these systems using time integration are also hampered by 
the non-smooth nature of the system models. Another impediment to the treatment of friction 
damped systems is that friction is not understood well enough to express its behavior in terms of 
its state variables. To this end, many researchers have made friction measurements using clever 
tools such as load cells, optical interference, and inverse calculations. Results have shown friction to 
be dependent on materials, geometry, scale, temperature, humidity, and the history of the motion 
(a so-called memory effect). Furthermore, friction properties have been known to show a depen- 
dence on the system in which the frictional interface is placed; this causes the frictional properties 
measured in test rigs to differ from those that exist in situ. 


This book is designed to help synthesize our current knowledge regarding the role of friction 
in engineering systems as well as in everyday life. In some ways the task of creating this book is 
analogous to planning and executing a task in presence of friction. We first had to define our task 
and its goals. We then had to work out a strategy that could help us meet these criteria. Our goals 
were: i) to provide contributions of high quality that span the entire field of dissipative dynamics, 


x Preface 


ii) to serve both as a reference book for students and as a source for presentation of state-of-the-art 
research; ili) to synthesize as much as possible, the interrelationship between contributions; and iv) 
to suggest directions for future research that are likely to be fruitful. 


Our strategy was manifold. First, we actively pursued leaders in the field. In this regard, 
we were remarkably successful. This has been clearly recognized by our contributors, and our 
impression has been that this situation leads to each group putting their best foot forward. As a 
state-of-the-art source book, each author was asked to include a selected review within their chapter 
and to keep the Methods section short whenever possible by referring to other publications. We 
also provide chapters suitable for instruction. For instance, two of us (Arde Guran and Karl Popp) 
will use this as a primary resource book for a graduate course entitled: Dynamics with Friction 
and Damping or as additional basic literature in a graduate course on Nonlinear Dynamics. To 
synthesize the contributions presented here, we used two approaches. First, each author had access 
to outlines for all other chapters. Second the book ends with an overview chapter which attempts 
to synthesize information within the book and to represent the most complete list of resources in 
friction dynamics. 


In conclusion, this book provides the fruits of a team effort by leaders in this fascinating (and 
humbling) field of Dynamics of Dissipative Mechanical and Structural Systems. Put together, it 
provides the reader with a wealth of insight and a unique global perspective on friction dynamics. 
At the very least, the book shall give each of its readers a great appreciation for a task so basic as 
making a pleasant and enjoyable sound with a violin. 
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ANALYSIS OF A SELF EXCITED FRICTION OSCILLATOR 
WITH EXTERNAL EXCITATION 


KARL POPP, NIKOLAUS HINRICHS AND MARKUS OESTREICH 
Institute of Mechanics, University of Hannover, Appelstr. 11, D-30167 Hannover 
Germany 


ABSTRACT 


Friction induced self-sustained oscillations, also known as stick-slip vibrations, occur 
in mechanical systems as well as in everyday life. For a one degree of freedom model 
of such friction oscillators the nonlinear friction force between two contacting bodies 
is modelled by friction characteristics determined from experiments. The numerical 
investigation of a friction oscillator with external excitation shows rich bifurcation 
behaviour. Besides one- and higher-periodic response also chaotic solutions can be 
observed. The influence of different types of friction characteristics is investigated. 
On the basis of a one-dimensional map bifurcation and stability analysis is carried 
out. The choosen way of mapping also allows a simple determination of Lyapunov 
exponents. The system behaviour derived from measurements will be compared to 
that of numerical investigations based on the identified friction characteristic. 


1. Introduction 


Self-sustained oscillations due to dry friction, also known as stick-slip vibrati- 
ons, appear in everyday life as well as in engineering systems. Fig. 1 shows some 
examples: 





Fig. 1. Examples of stick-slip vibrations. 
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The sound of bowed instruments (Fig. 1(a)), the squealing noise of tramways 

in narrow curves (Fig. 1(b)), creaking doors (Fig. 1(c)) or squeaking chalks (Fig. 
1(d)) are caused by stick-slip vibrations. Other engineering examples are rattling 
joints of a robot (Fig. 1(e)), grating brakes (Fig. 1(f)) or chattering machine tools 
(Fig. 1(g)). 
The explanation of the stick-slip phenomenon can be found in textbooks, e.g. 16?1:25, 
Since we are dealing with self-sustained oscillations, the vibration system encoun- 
ters an energy source, an oscillator, and a switching mechanism triggered by the 
oscillator, which controls the energy flow from the source to the vibrating system, 
cf Pigs 2: 






Energy source Oscillator 







Switching mechanism 





Fig. 2. Block diagram of a self-sustained vibration system. 


If the energy flow into the vibration system is greater (less) than the dissipation 
during one period, then the vibration amplitude will increase (decrease). If the 
energy input and output is balanced during each period, then an isolated periodic 
motion occurs, which is known to be a limit cycle. Let us take the violin as an 
example. Obviously, the energy source is represented by the motion of the bow and 
the oscillator is given by the string. But how is the energy transfered from the bow 
to the string, or in other words, what is the switching mechanism for the energy 
flow? Here, the dry friction between bow and strings comes into play (this is why 
the bow is treated with colophony). Essential is a friction force with a decreasing 
characteristic for increasing relative velocities of the rubbing surfaces. This will be 
explained by means of the simple friction oscillator shown in Fig. 3, which has been 
used as a model for bowed instruments. 


; X 
SPRING 4 | 
Neac 





BELT 


Fig. 3. Model of a friction oscillator. 


The energy source is a moving belt with speed vp = const driving the mass 
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of the discrete spring-mass oscillator. The friction force Fp depends on the rela- 
tive velocity v, = vp — £ between belt and mass. The friction force characteristic 
Fr = Fp(v;) is shown in Fig. 4. Since the limit value of the static friction force 
Fr(v, — 0) is greater than the 
kinetic friction force Fr(v, # 0), 
the friction force characteristic is 
decreasing for small values of v,. 
This has been observed e.g. by 
5,6,12,13,22, Tf the belt velocity is 
adjusted so that the friction force 
shows a negative slope for the 
Fig. 4. Friction characteristic. equilibrium state z=2,,r = 0, 
then this state becomes unstable. Thus, the amplitude grows and the trajectory in 
the x, z-phase plane reaches fast a limit cycle, where clearly the slip mode A > B 
cf. Fig. 5, and the stick mode 
B-— Acan be distinguished. 
The physical reason for the insta- 
bility is an energy transfer from 
the belt to the mass. This is qua- 
litatively shown in Fig. 6 by a se- 
quence of time histories of one pe- 
riod duration. Assuming a small 
mass motion around the equili- 
brium position with a_ sinusoidal 
Fig. 5. Limit cycle. velocity, Fig. 6(a), results in a 


Fp 


Vo Vr=Vg-X 





sinusoidal fluctuation of the relative velocity around the mean value vp, Fig. 6(b). 


(a) 








Fig. 6. Mechanical power input on the mass. 
Due to the force characteristic the corresponding friction force is larger for small 
values v, than for large values v,, Fig. 6(c). Thus, the product F'gt which denotes 
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the mechanical power input on the mass shows larger positive than negative values, 
Fig. 6(d). Hence, a positive energy input, AE;, = [5° Frzdt > 0, results during 
each period 7, which in turn leads to increasing vibration amplitudes until the 
limit cycle is reached. 

Fig. 7 shows three different types of friction characteristics, in the following denoted 
by I, II, WI, and the corresponding phase portraits. Here, the friction coefficient 
L(v,) = |Fr(v,-)|/Fw, ie. the friction force Fr related to the normal force Fy in 
the contact area, has been plotted. For sliding, v, # 0, the friction force is an 
applied force given by the friction characteristic. Whereas for stiction, v, = 0, the 
friction force is a reaction force bounded by |Fr(v; = 0)| < oF, Ho = “(vr = 0) mar: 


of 0.4 0.4 _f w=040 . v=0 
LAv,) @ LLV,) ) pv) (II Hi(v,) = { obs ey £0 
Ue 0.2 0.2 a 
ee 2 
Hi(v,) = T+ 14qe] +0.1+0.01v? 
0.0 0.0 0.0 
3 4 Os) eee a 
F V, 


1) 
0 1 2 3. 4 Butltr) = g(r) Hr1( er) 
Vv, 












p>) : M 


Fig. 7. Used friction characteristics and phase portraits with variation of the initial conditions. 

Friction characteristic I is due to Coulomb’s friction law and shows a static fric- 
tion coefficient po and a smaller constant kinetic friction coefficient p(e, #0) = pe 
So, the transition from stick (v, = 0) to slip (v, # 0) is not continuous. Friction 
characteristic II is similar to that shown in Fig. 4 and has been explained earlier. 
Here, the transition from static to kinetic friction is continuous but not differen- 
tiable. Friction characteristic III follows from II by a smoothing procedure so that 
the characteristic is continuous and differentiable, however, there is no pronoun- 
ced static friction any more and u(v, = 0) = 0 holds. The smoothing is done by 
multiplication of the non-smooth characteristic with a smoothing function g(v,), 
where 






2 
g(v,) = ~ arctan(¢y0,) (1) 
has been chosen. The slope g’ of the function g for v, = 0 is given by 
dg(v,) 2 
g = doh. = ao, (2) 


vr =0 
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so the slope is proportional to cy. The angle a between the vertical axis and the 
tangent to the smoothing function g in the origin is defined by 


1 
a = arctan oi (3) 


The three corresponding phase portraits are qualitatively similar. Since characte- 
ristic I has no negative slope for the equilibrium state, this state does not become 
unstable and in its neighborhood exist periodic solutions in a pure slip mode in con- 
trast to the solutions for characteristic II and III, where self-excitation takes place. 
However, for initial conditions far away from the equilibrium state, in any case all 
trajectories ultimately reach the limit cycle. (In case of characteristic I one better 
says limit curve instead of limit cycle, since other periodic solutions exist, but this 
distinction shall not be made in the following.) The limit cycle for characteristics I 
and II consists of a horizontal line due to the stick mode whereas for characteristic 
III there is no line representing constant velocity since there exists no real stick 
mode. The differences in the friction characteristics are also reflected in the transi- 
tion from stick to slip and slip to stick in the corresponding limit cycles. The slope 
of the limit cycle in the transition points is non-smooth (smooth) for both points 
for characteristic I (III), whereas for characteristic II the slope is smooth for the 
transition from stick to slip and non-smooth for the slip to stick transition. Com- 
paring the three phase portraits we find the interesting results, that all trajectories 
starting outside the limit cycle behave in a similar manner independent of the un- 
derlying friction characteristic. This robustness is important, since in applications 
the friction characteristic may vary considerably or is not known at all. 

In engineering applications stick-slip vibrations are undesired and should be avoi- 
ded since they deteriorate precision of motion and safety of operation or they are 
creating noise. In the present paper it is investigated how the robust limit cycle 
of stick-slip vibrations can be broken up by a harmonic disturbance. Thus, the 
self-sustained friction oscillator shown in Fig. 3 is extended by a harmonic external 
excitation of the base of the spring, cf. Fig. 8, and the corresponding dynamical 
behaviour is investigated. It is well-known that self-excited one-degree-of-freedom 
vibration systems with external excitation can exhibit rich bifurcation behaviour 
and also chaos. There exists a fast growing literature on such systems with smooth 
nonlinearities, e.g. 2%1573:27,2833,59| But also in case of self-excitation due to the 
non-smooth nonlinearity of dry friction chaotical behaviour has been found, cf. 
10,11,14,34,36,37,38,39,40,41,46,47,48 Tn the following results will be shown for all three fric- 
tion characteristics I, II, III. Special attention will be paid to the admissibility of 
smoothing procedures, which will be examined by comparing bifurcation diagrams 
gained for non-smooth and smoothed friction characteristics. The benefit of smoo- 
thed friction characteristics is the possibility to apply common bifurcation theory 
and its numerical realization in readily available computer codes, cf. %?°4?4°. On 
the other hand, for the non-smooth friction oscillator a one-dimensional map can be 
defined that provides an easy and illustrative method for bifurcation and stability 
analysis. Numerical results will be compared to those obtained from experiments. 


6 K. Popp, N. Hinrichs and M. Oestreich 


2. Model of a self-&xcited friction oscillator with external excitation 


The mechanical model of the friction oscillator with simultaneous self and ex- 
ternal excitation is shown in Fig. 8. 


u(t)=u, cos at 





Fig. 8. Friction oscillator with self and external excitation. 
The following notation is used: mass m, spring constant c, displacement of mass 
a(t), excitation u(t) = uocosMt, excitation frequency 2, belt speed vo, relative 
velocity v, = vo — x. The equation of motion reads 


mz(t) + er(t) = Fr(v,) + cugcos Nt, (4) 


where the friction force Fg depends on the relative velocity v, and the normal 
force Fy(Fy > 0). During the slip mode (v, # 0) 


Frvr) = b(vr)Fvsgn(v,) (5) 
holds, whereas for the stick mode (v, = 0) the friction force reads 
Fr = c(z(t) — uo cos M2), (6) 
and is bounded by 
IFr| < poFw. (7) 


The static and kinetic friction coefficients follow from Fig. 7. However, for friction 
characteristic III no distinct stick mode occurs, thus, eq. (5) holds for the complete 
motion. 

For the static equilibrium with up = 0 from eq. (4) follows the static displacement 


FR(v, =v F; 
L=77s5 >= tes = (rv; = %)—, (8) 


cf. Fig. 5. The equation of motion can be normalized using 


[co Q d , 
T=Uolt, Wo = = lite et ky) ) = le Up = Vo — Wor". (9) 


Wo dr Wo 





From (4) and (9) it follows 


z"(r)+2(r) = =a) + Ug Cos nT. (10) 
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The corresponding system of autonomous differential equations reads 


oe = D5 
Fr(v, 
oo = Weep caantr ys fT) 
c 
r= 1, 


where:?1;,—¢(7),. 009. = 0 (2), its = te: 

For friction characteristic II and III numerical solutions have been performed on 
the basis of eq. (11) using the Advanced Continuous Simulation Language, ACSL 
1. For friction characteristics I, however, the general solution can be given analy- 
tically. For both solution methods special attention has to be paid to the exact 
determination of the transition states from stick to slip and from slip to stick. 


3. Solution methods 


3.1. Point-mapping approach 

As mentioned before, for friction characteristic I an analytic solution can be 
formulated for the stick mode and for the slip mode. The exact states of transition 
from one mode to the other have to be calculated and implemented as initial values 
for the analytic solution of the subsequent modes. The system behaviour is calcu- 
lated following the procedure shown in Fig. 9: 








(20) 


(18) 
Fig. 9. Schematic diagram for the point-mapping approach. 

Starting with the stick mode (v, = 0, Z = vo ) from eq. (6) and eq. (7) it follows 

F 


|z(r) —uocosnt| <2, Lo= Ho. (12) 


The equality sign in eq. (12) holds if the spring force reaches the maximum friction 
force for the stick mode which characterizes the transition point A. With the choice 
of the excitation angle 77 € [0,27] from 


|z 4, — Uo COs NTo| = Zo (13) 
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the displacement z 4, follows where slip initiates. Here, x4, in each cycle 7 is bounded 
by 20 — Uo < 4; < Lot Uo. 

For the subsequent slip mode A — B (vu, # 0,u(v,) = w = const) to the next 
transition point B the corresponding solution reads 


F, 
cosnt tt a,, | tee ae (14) 





u 
z(T) = cgcos(T — Yo) + j 7 


Up = Up — wor’ > 0, (15) 


where co and Yo can be determined from the initial conditions for 7 = Ta, 


(2(70) = 4912"(T0) = =): 





2 2 
ue 5c08117% ) + (-2 se : sina) : (16) 
mel 





Uoj 
Be + eaigtias dee 


Yo = — arctan +74, mod 27. (17) 


Uo 
DAG aa site Yap es 


Now eq. (14) holds till the mass velocity reaches the belt velocity again, so that 
the equality sign of eq. (15) is valid. Substituting the derivative of eq. (14) into 
eq. (15) an implicit equation for the normalized time Ar,4,., of the motion from 
A to B is given: : 


: u : v 
z'(TB,) = —cosin(T4, + ATA )—Bo — Yo) — ea? De sin(nT4, + nATA,+B) ) = = (18) 
= 0 


With the solution At4,.p, of eq. (18) the displacement xg, of point B, where the 
transition from the slip mode to the stick mode takes place, can be calculated from 
eq. (14). 

Now the mass again sticks on the belt and moves with it until the restoring spring 
force reaches the maximum friction force acting on the mass. From eq. (12) it 
follows 


lvoATB,+4, — Uo cos(n(TB, + ATB,A;))| = 20 — TB; (19) 


thus, the time Arg,_.4, is given implicitly. The corresponding displacement x Awot 
the transition point A at the time 


™ = 7) + Ata,+B) + ATB,A, (20) 


can be calculated as mentioned above using eq. (13). Hence, the iterative procedure 
starts again. So, with the help of the eqs. (13) - (20) a sequence of the states La. 
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and xp, can be calculated. 

In contrast to a similar mapping approach used by Guckenheimer and Holmes *° 
for the analysis of a bouncing ball on a vertically moving surface, here the point- 
mapping is given in implicit form. Thus, for solving the implicit equations a suitable 
Newton method has to be chosen. 


3.2. Numerical integration 


For friction characteristics II and III, where the kinetic friction coefficient is 
not constant, other solution methods have to be chosen. The system behaviour 
for these characteristics has been calculated by numerical integration of equation 
(11). For the system with characteristic II also an exact determination of the points 
of transition from stick to slip, A, and from slip to stick, B, is necessary. Passing 
these points during integration demands a special routine that determines the exact 
states of transition by iteration. For the smoothed friction characteristic III no 
distinct stick mode occurs and , thus, no transition points appear. Smoothing the 
friction characteristic results in stiff system equations for small values of the relative 
velocity. In this case appropriate integration routines and/or special stepsize control 
has to be used. In this work the numerical integration has been done using the 
program package ACSL. With the supplied language element SCHEDULE an easy 
and sufficient implementation of the iteration for the transition points from one 
mode to another is possible. By means of stepsize control algorithms the integration 
steps are adjusted dynamically in order to keep the error in each state variable below 
a prescribed value. At this point it should be mentioned that solving the system 
equations utilizing the point-mapping approach (if possible) leads to an enormous 
saving of CPU-time compared to numerical simulations. 


3.3. Numerical bifurcation analysis 

For smooth nonlinear systems like the friction oscillator with friction characteri- 
stic II] program packages for the bifurcation analysis can be applied. Here, several 
computer codes are available, for instance AUTO 8 PATH 7° and BIFPACK *. 
The results of chapter 5.1 have been carried out with BIFPACK, a program for 
continuation, bifurcation and stability analysis. 
For the task continuation and branch switching the system equation (10) must be 
reformulated into a boundary-value problem as follows. Periodic oscillations obey 
the boundary conditions 


2(0)=<2(T), 2'(0)=2'(T), (21) 
where J’ denotes the period and satisfies 
2 
Tan— with né NN, (22) 
so that u(t = 0) = u(t = T) holds. 


As a consequence of eq. (22) the integration of the system equation (10) for one 
period requires an adapted integration interval 0 < 7 < T whenever 7 is changed. 
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Shifting the dependence of 7 to the right-hand side of the differential equation, the 
integration interval is transformed to unity length, *: 
We introduce the normalized time & 


1 


c= 77 (23) 
so that 0 < € < 1 holds for one period and use the derivative 
d(+) _ 74(*) 
poh / een 24 
dé E dr Ae) 


Using the notation y;(€) = 21(7), yo(€) = z2(7T) and y3(€) = 7, so that y3 represents 
the bifurcation parameter, the system (11) of autonomous differential equations 
reads 





dy = pee! 

dé y3 

dy2 20 Fr(v,) 

dyo 2m | : 25 
dé n AS yi + uo cos(2mn€) + g(v,) 5 (25) 
dy3 

dé = 10% 


Here, g(v,) denotes the smoothing function (1) and v, = vp — woy2. The boundary 
conditions now read as follows: 


yi(0)—m(l) = 0, 
y2(0) a y2(1) 0, (26) 
ys(0) = 7. 
The Jacobian can be determined analytically from eq. (25). Now the required input 


for the use of BIFPACK is available by eqs. (25) and (26). 
The procedure done by BIFPACK can be summarized as follows *?, cf. Fig. 10: 


- First the initial ( and final ) values y; and y2 of the periodic trajectories for 
a fixed number n have to be calculated, so that the boundary conditions are 
satisfied. This can be done by shooting methods: 

An initial guess for y;(0), y2(0) leads, after the integration over the interval 
0 < € <1, to a nonzero residual vector 


yi(0) — yi (1) | 
r(yi(0), y2(0)) = : 27 
Hon) 200) =|) th we 
Detecting the initial values y,(0), y2(0) of a periodic orbit requires a vanis- 
hing residual vector r(y1(0), y2(0)). So, a combination of an integrator, which 
determines the initial and final states for a set of guessed initial values, with 


1. Analysis of a Self Excited Friction Oscillator with... 11 


a Newton method, that approximates the zero crossing of the residual vec- 
tor calculated from the output of the integrator serves as simplest shooting 
method. In professional multiple shooting methods the integration interval is 
subdivided several times, so that better convergence of the Newton method 
can be obtained. 


- For a suitable next step of the bifurcation parameter a predictor-method cal- 
culates an initial guess for the corresponding initial state, and the multiple 
shooting method leads to the determination of the periodic orbit. 


- Path tracing repeats the procedure described above again and again. During 
continuation turning points can be approximated on the basis of a suitable test 
function. Additional subroutines carry out the stability analysis for calculated 
periodic orbits. 


Output: Startvector ye Predictor 


Bifurcation parameter 1 > Joy Mh 


Stable/Unstable 
Branches 


Turning point 
Uy nO 





Fig. 10. Scheme for stability analysis with BIFPACK. 
So, efficient methods are placed to the users disposal, that - compared to classical 
numerical integration - supply additional information like unstable branches and the 
detection of branch points. 


4. System behaviour 


In this section the system behaviour of the friction oscillator with simultaneous 
self and external excitation for the different friction characteristics I, II and III is 
elaborated. 


4.1. Solution behaviour 

The system behaviour for a fixed set of bifurcation parameters uo, es and 7 is 
represented by the phase trajectories. Fig. 11 shows different types of phase trajec- 
tories, where the velocity z’ of the mass is shown as a function of the displacement 
z. The bifurcation parameters uo and Ex have the dimension of a length. The 
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resulting quantities z’ and x have the same dimension. 


(a) (b) (c) (d) (e) 
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Fig. 11. Different types of phase trajectories for friction characteristic I: 
(a) 7 = 0.75, = 10, uo = 0.5, (b) 7 = 2.15, ™ = 10, up = 0.5, (c) 7 = 1.97, 
fx = 10, uo = 0.5, (4) n = 0.5, = 10, uo = 4.0, (e) 7 = 0.41, ™ =5, up = 2.6. 

In contrast to the system without external excitation represented by the phase 
portraits shown in Fig. 7 the system with external excitation can exhibit one- 
periodic solutions (Fig. 11(a)), two-periodic solutions (Fig. 11(b)), higher-periodic 
solutions and also chaotic system behaviour (Fig. 11(c)) . As an interesting detail 
one can see that for large amplitudes uo of the excitation short interruptions of the 
stick mode become possible. Pushed by spring forces the mass overtakes the belt 
(Fig. 11(d)) or slows down reentering the stick mode after a small wiggle (Fig. 
11(e)). In the following we confine ourselves to small excitation amplitudes uo, so 
that interruptions of the stick mode as mentioned above can be excluded. For this 
restriction eq. (13) of the point-mapping approach can be simplified by assuming 
LA; > Uo cos(nT). 

The trajectory of a quasiperiodic solution in the three-dimensional state space 
M = RR’ x S’ is represented by a flattened torus, cf. Fig. 12. 
NT 





Fig. 12. Trajectory in the three-dimensional state space for friction characteristic I 
(7 = 0.6, a = 10, uo = 0.5) and a one-periodic solution (7 = 0.75, oe = 10, uo = 0.5). 
One can distinguish the circular ring area on top of the torus characterizing 
the stick mode with constant velocity of the mass (vp = V9 — wor’ = 0) and the 
remaining surface for the slip mode. The thick line represents the trajectory of the 
one periodic motion of Fig. 11(a). After one rotation around the center axis of the 
torus, i.e. after one period of the excitation (n = 1), the trajectory has rotated also 
one time (p = 1) around the body of the torus and returns to its initial state. The 
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ratio of revolutions along and around the torus is called the winding number W, 
here it yields W = $ = i. 
One way to visualize the geometric structure of an attractor is the Poincaré-map, 
where a projection on a hyperspace » of the state space M is chosen that fulfills the 
transversality and recurrence conditions for the trajectories, e.g. *°. For the friction 
oscillator the choise of © can be done in a simple, illustrative way: The Poincaré- 
map can be calculated by determining the intersection points of the trajectories on 
the torus M with a plane © transversal to the torus corresponding to nT = const. 
In other words, the trajectory is flashed stroboscopically with the frequency of the 
excitation. In Fig. 13(a) the trajectory of the chaotic solution Fig. 11(c) in the 
three-dimensional state space is shown together with the plane D. From Fig. 13(b) 
it can be seen, that the attractor of the chaotic motion exhibits a Cantor-set-like 
structure, whereas the attractor for the quasiperiodic orbit from Fig. 12 is dense. 





Fig. 13. (a) Chaotic trajectory in the three-dimensional phase space for friction characteristic I 
i= 1-97, Ex = 10, uo = 0.5) and (b) the corresponding Poincaré-map. 


4.2. Bifurcation behaviour 

For a more global examination of the bifurcation behaviour of the system, repre- 
sentative points of the trajectory for each set of bifurcation parameters have been 
extracted. 


@) 





0 1 2 3 
Fig. 14. Bifurcation diagrams for friction characteristics I and II (x == 10 sto -=,0.0): 
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In the bifurcation diagram the displacement zr, (transition from stick to slip) 
and zg (transition from slip to stick) is plotted as a function of the bifurcation pa- 
rameter 7. Fig. 14(I) shows the results for friction characteristic I and Fig. 14(II) 
for friction characteristic II. For clarity, once again the phase plane plot of a one- 
periodic solution is shown in Fig. 14(1). In the bifurcation diagram of both friction 
characteristics one can distinguish one-periodic and higher-periodic solutions. 

For large excitation amplitudes uo also period doubling cascades have been found, 
which indicate a route to chaotic motion, cf. Fig. 15. 


4 


Xp 





3.42 3.44 3.46 3.48 


Fig. 15. Period doubling cascade for friction characteristic II (Fx = 10, uo = 2.0). 


Winding number 

From Fig. 12 it seems obvious that the number n of rotations of the trajectory 
around the center axis of the torus, i.e. the number of excitation periods, and the 
number p of revolutions around the body of the torus is different for different system 
parameters. Evaluating the winding number defined by 7 





(28) 


Fig. 16. (a) Bifurcation diagram for friction characteristic I ( os = 10, uo = 0.5), (b) corresponding 
winding number showing a devil’s staircase. 

An increase of the bifurcation parameter 7 changes the bifurcation behaviour 
and results apparently in a monotone increase of the winding number. Regions of 
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the same periodicity yield a constant winding number. In the case of a regular 
system behaviour the winding number is rational and given by the ratio W = =. 
Irregular system behaviour leads to an irrational winding number. The behaviour 
of the winding number for changing system parameters as shown in Fig. 16(b) is 
called a devil’s staircase and has also been found in other dynamical systems, e.g. 
7,35 A diagram showing the inverse period + versus the frequency ratio 7 is given 
in Fig. 17 and visualizes the self-similarity of the devil’s staircase. 





Fig. 17. Diagram showing the inverse ; of the oscillation period p for friction characteristic I 
(#2 = 10, uo = 0.5). 
The similarity of the results for the winding number to those of the well known 


circle map ”?” underlines that for the friction oscillator a one-dimensional map can 
be given, too. 


Mapping approach 

As mentioned before, for friction characteristic I an analytic solution can be 
formulated for the stick mode and for the slip mode. The exact states of transition 
from one mode to the other have to be calculated and implemented as initial values 
for the analytic solution of the subsequent modes. This results in a one-dimensional 
map H which can be explained in the following illustrative way: The limit curve 
of the flattened top of the torus (Fig. 18(a)) is given analytically for all values 77. 
Starting the solution procedure at any limiting point 770, after some time 77; the 
trajectory will return to one point H(n7) = 71 of the limiting curve. 








Tt 
H(n19)=n7) Ito NT 


Fig. 18. Visualisation of the definition of the map H(7T). 


20 
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So, the map H plots the arrival point 77, as a function of the starting point 70. 
One can define the map H in the following way: 


H: S* = [0,22] 3 nt = nT > (nt) = 97 € (0, 2x] = S'. (29) 


Fig. 18(b) shows the graph of H(nr) for the parameters 7 = 1.55, a = 10 and up = 
0.5. This way of description may be used to gain further insight into the different 
kinds of changes in the system behaviour by means of a graphical analysis. First, one 
has to draw the diagonal D = {(z,zx)|z € IR}. A vertical line from the start point 
(70,0) of the iteration to the graph of H crosses the graph at (77, H(nt) = 771). 
Then a horizontal line from this point to D meets the diagonal at (771,771). So, a 
vertical line to the graph followed by a horizontal line back to D yields the image of 
the point 77; under H on the diagonal. An orbit is given by drawing repeatedly line 
segments vertically from D to the graph and then horizontally from the graph to D: 
For the given set of parameters this procedure yields the following result: The orbit 
runs into a stable fixed point representing a one-periodic motion. The intersection 
points [7p of the curve H(n7) with the diagonal D indicate one-periodic motions. 
Solutions with a winding number W = > Will be found as intersection points of the 
diagonal D with H"(n7), where H"(n7) = H(H(H(...H(nr)))) is the nth iterate of 
the map H(nr). 

The stability of periodic solutions can be evaluated by the slope H’ (yp) of the 
H-map in the intersection point: If |H’(I7p)| < 1 then the fixed point is stable, 
otherwise it is unstable, cf. **. In contrast to the mappings known from literature, 
the H-map can become discontinuous and non-monotonous depending on the system 
parameters, cf. Fig. 18. 


Intermittency 

One route to chaos is intermittency. This phenomenon is characterized by inter- 
vals of apparently periodic motion interrupted by aperiodic bursts. This behaviour 
was first observed by 7° for the Lorenz equation, where for a critical bifurcation va- 
lue 7, the stable periodic motion disappears and chaos initiates. The phenomenon 
intermittency can be understood if we look at some suitable parts of the H-map. 
Fig. 19(a) shows the situation for 7 < .. We can distinguish two fixed points 
represented by the two intersections of the H-Map with the diagonal. One of them 
is stable, the other is unstable. For 7 = 7. the graph of the H-Map becomes tan- 
gential to the diagonal. In Fig. 19(b), which shows the situation for 7 > Nc, the two 
fixed points have disappeared in a saddle-node bifurcation. Following the iteration 
procedure in Fig. 19(b) near the diagonal, each iteration results in a small change 
of H(nr). In this region the solution seems to be stable, but after some iterations 
the seemingly stationary behaviour changes and larger excursions from the diagonal 
occur. Evaluating the system response in time domain for n < 7 (Fig. 19(c)) and 
7 > 7 (Fig. 19(d)) and the corresponding phase plane plots (Fig. 19(e) and Fig. 
19(f)) the route to chaos via intermittency can be summerized as follows: 
With increasing frequency ratio 7 the curve H (nT) moves away from the diagonal. 
After a saddle node bifurcation no further stable fixed points exist and a chaotic 
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motion starts, characterized by seemingly periodic motions interrupted by sudden 
bursts. 


(a) (c) (e) 
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Fig. 19. Visualization of intermittency for friction characteristic I (=x = 10, uo = 0.5) and 


7 = 1.8 (upper row), 7 = 1.9 (lower row): (a), (b) H-maps, (c), (d) time histories of displacement 
x, (e), (f) phase plane plots. 


Period doubling 

Period doubling in nonlinear systems has been observed in all branches of phy- 
sics, chemistry and biology as well as in many technical problems. Also for the 
friction oscillator period doubling cascades can be found (Fig. 20). 





Fig. 20. Bifurcation diagram for friction characteristic I showing period doubling (fx ==i 710; 
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For 7 = 1.925 the system exhibits a seven-periodic motion. For increasing n the 
system undergoes a bifurcation with a change to a periodic motion with twice the 
period of the original oscillation. The seven-periodic orbit becomes unstable and 
a stable 14-periodic orbit appears. Thereafter, a period doubling sequence occurs 
leading finally to chaos. One can also distinguish periodic windows. The solution 
in the periodic windows undergo also period doubling bifurcations, again leading 
to chaotic motion. The zoomed plots of the H-map show the period doubling for 
one of the seven stable fixed points, cf. Fig. 21(a). In the stable fixed point the 
slope of the H-map increases for increasing values of 7. For period doubling the 
slope equals one. After the period doubling the former stable fixed point becomes 
unstable and two new stable fixed points are born, cf. 21(b). 


(a) (b) 


H"(2)7) H"(T) 











TT 





Fig. 21. H-map for friction characteristic I showing period doubling (= = 10, uo = 0.5), 
(a) 7 = 1.925, (b) n = 1.926. 


4.3. Parameter maps 
In order to give an overview of the system behaviour depending on the bifurca- 


tion parameters 7 and Fw corresponding parameter maps have been calculated, cf. 
Fig. 22. 


(il) 





Fig. 22. Parameter maps for friction characteristic I and II (or ORS) 


Here, the periodicity of the solutions is visualized by a colour code. Regions 
of one-periodic orbits are marked in light grey, regions of five- or higher-periodic 
orbits including chaos are represented in black. In this diagram the results shown 
i Fig. 14(1) and Fig. 14(II) are visualized by solid lines. E.g. for the fixed value 


~* = 10 on the corresponding vertical line the periodicity of the solution can be 


read by means of the given colour code. Thus, using these parameter maps the 
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system behaviour can be characterized for any set of parameters within the plotted 
range with a fixed excitation amplitude up = 0.5. 

Comparing the results gained for the different friction characteristics shows, that 
the global bifurcation behaviour is independent of the kind of friction characteristic 
investigated. For small values of 7 the limit curves of the lowest two light grey re- 
gions are nearly identical. For high values of 7 and ms the tongues of high periodic 
motions disappear for friction characteristic I. The number of tongues characteri- 
zing orbits of equal periodicity is smaller for characteristic I than for characteristic 
II. Another interesting difference between the results for the two friction characte- 
ristics can be observed e.g. for a constant value fe = 10 and 7 > 3. Between the 
regions of one-periodic and high-periodic orbits for friction characteristic I there are 
two-, three-, and then four-periodic solutions without higher-periodic solutions in 
between, in contrast to the results for friction characteristic II. 

Another parameter map showing the influence of the excitation amplitude uo and 
the frequency ratio 7 leads to the so called Arnold tongues *’, cf. Fig. 23. 
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Fig. 23. Parameter map for friction characteristic I US a ()) 


For decreasing excitation amplitude uo the width of the tongues decreases. The 

frequency ratio for the tips of the tongues for vanishing excitation amplitude can 
be calculated by means of the winding number W = ¢. 
So, by means of graphical analysis based on the point mapping approach (friction 
characteristic I) or numerical simulations (friction characteristic II) for each set of 
bifurcation parameters the corresponding solution behaviour can be determined. 
However, for the understanding of qualitative changes in the system dynamics by 
variation of the bifurcation parameters (e.g. the transition from period-one solutions 
to high-periodic solutions in Fig. 14 or the jump phenomenon in Fig. 15) stability 
and bifurcation analysis has to be carried out. 


5. Bifurcation and stability analysis 


5.1. Numerical analysis 

The application of numerical tools for bifurcation and stability analysis like BIF- 
PACK 4° is restricted to smooth nonlinear systems. So, these investigations have 
been carried out using the smoothed friction characteristic III. In contrast to the 
non-smooth characteristics, for this friction characteristic a distinct stick phase does 
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not exist. From this physical difference it cannot be taken for granted that the re- 
sults gained for characteristic III using BIFPACK agree with those for characteristic 
I. In the following it will be investigated, whether the smoothed characteristic III 
is a good approximation of the original characteristic II. If the smoothing procedure 
is valid then the question arises: Which argument c, or which slope angle a should 
be chosen? 

In Fig. 24, a comparison of bifurcation diagrams for the system with different fric- 
tion characteristics is shown. 
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Fig. 24. Bifurcation behaviour for (a) non-smooth characteristic II, (b) smoothed characteristic III 
(a = 0.1°),(c) smoothed characteristic III (a = 1.0°) and (d) influence of the slope angle a on 
the periodicity of the solutions (=x = 10, up = 0.5). 


Fig. 24(a) belongs to the non-smooth characteristic II, see also Fig. 14(II). Fig. 

24(b) and (c) show the corresponding results using the smoothed characteristic III . 
with slope angle a = 0.1° and @ = 1.0°, respectively. The results are similar and 
comparable. However, increasing the angle a results in a shift of the bifurcation 
parameter 7 for periodic solutions to higher values. The bifurcation behaviour de- 
pending on 7 and the slope angle a is shown in the parameter map Fig. 24(d). This 
plot can be interpreted in the following way: For very small values of a the solution 
based on the smoothed friction characteristic III approximates very well the bifur- 
cation behaviour based on friction characteristic II shown in Fig. 24(a) (compare 
the parameter regions for one-, two- and three-periodic orbits). With increasing 
slope angle a corresponding regions of periodic solutions shift to higher values of n, 
but the basic structure remains. For high values of a (a > 50.0°) this structure is 
destroyed. As a simple explanation for this a look at the smoothed friction charac- 
teristic shows that in this parameter region the slope of the characteristic is positiv 
for all relative velocities, thus, no self excitation occurs. 
With the validation of the smoothing procedure for stiff smoothing functions with 
a < 0.1° further insight into the bifurcation behaviour can be obtained applying 
numerical bifurcation analysis. The results of the path following procedure are gi- 
ven in Fig. 25(a), where y;[u(¢) = 0] is plotted versus n. Here, also turning points 
are detected and marked by crosses. The bifurcation diagram based on numerical 
simulations plotted in the same manner shows similar results for stable periodic 
solutions, cp. Fig. 25(b). 
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Fig. 25. Bifurcation behaviour from (a) BIFPACK, (b) simulation (i wl Ontor—10s0): 

However, in contrast to the bifurcation diagram Fig. 14(II) the n-periodic so- 
lutions are represented by n points because of the different type of representation 
chosen. 
In summary, for periodic solutions there is a good agreement of the bifurcation 
parameters found by BIFPACK compared to numerical simulations. Additional 
information is given by BIFPACK with respect to the determination of unstable 
branches and the detection of branch points. As can be seen from the chosen way 
of normalisation the program package requires the knowledge of the number n. Also 
a periodic orbit has to be known a priori for an initial guess of the start vector for 
the path following algorithm. 
In the following a method based on the introduced H-map is proposed that allows 
bifurcation and stability analysis without any a priori knowledge of the system be- 
haviour. If |H’(Ip)| < 1 (compare chapter 4.2), the fixed point is stable, otherwise 
it is unstable, cf. 4. For a periodic solution that returns after n periods of the 
excitation to its initial state the fixed points will be found in the iterated map H” 
fenceaisoun He", iH" ...). Lhe stability analysis for the non-smooth system is 
carried out following the procedure given in Fig. 26. 












Bifurcation parameter (here n ) 
Fixed parameters (here Fy /c,Ug ) 


Iterates: H'(nt), H°(nt), H’(nt), ... 
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Fig. 26. Scheme for stability analysis on the basis of the H-map. 
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The mapping approach is not restricted to the system with friction characteristic 
I, where the corresponding H-map is calculated by means of the implicit equations 
and the slope at the intersection points follows from the implicit function theorem. 
For the system with friction characteristic II the corresponding H-map results from 
numerical integration. Here the slope at the intersection points is calculated nu- 
merically. The results of the stability analysis for friction characteristic I are given 
in Fig. 27(a). The comparison with Fig. 27(b) shows the same stable solutions 
but also the unstable solutions. The transition from one-periodic solutions to high- 
periodic solutions is a saddle-node bifurcation. 


ee 
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Fig. 27. Stability analysis for the non-smooth system with friction characteristic I (fx =) 10) 
Uo = 0.5), (a) results from the mapping approach, (b) simulation results. 

Further insight into the interesting phenomena shown in Fig. 15, i.e. jumps and 
period doubling, can also be gained. For friction characteristic II, in the stability 
diagram Fig. 28 the stable and unstable branches up to period 20 are presented. 
Some of the unstable branches disappear. This is due to the chosen non-smooth 


characteristic II which results in discontinuities of the H-map. 
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Fig. s rien analysis for the non-smooth system with friction characteristic II (=x == JI) 
Up = Zz. Ne 

In summary, the introduced H -Map supplies a simple and efficient method for 
bifurcation and stability analysis. For the numerical realisation of the described 
algorithm special attention has to be payed to the jumps of the H-map. For the 
existence of the jumps, cp. Fig. 18(b), two different physical explanations can be 
given: If the twiggle of the phase curve during sliding (Fig. 29(a)) becomes tangen- 
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tial to the stick line, so the mass acceleration for the transition from stick to slip 
equals zero, small changes of the start value 79 (Fig. 29(a)) to nm (Fig. 29(b)) 
result in a discontinuity of the map (Fig. 29(c)) because of the discontinuity of the 
friction force. 
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Fig. 29. First type of jumps of the H-map for friction characteristic I (= =110, to = 2,7 = 0.4). 
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A look at the transition points from stick to slip gives insight into the second 
mechanism for the developement of the jumps. Fig. 30(a) shows the spring force 
for increasing x during stiction. 


(a) (b) 





Fig. 30. Second type of jumps of the H-map for friction characteristic II (i sl epp—=10l0))- 
(a), (b) 7 = 1.95, (c), (d) n = 2.05. 

For small excitation amplitudes (up < @) the spring force curve intersects the 
line representing the maximum of the friction force only once independent on the 
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angle 77. The H-map is smooth for these parameters, cp. Fig. 30(b). Shifting the 
start angle 77 to n7 for large excitation amplitudes (uo > #2) (Fig. 30(c)) results 
in a shift of the spring force curve along the line F = cr. This corresponds to a 
sudden jump of the H-map, cp. Fig. 30(d). 


5.2. Comparison of methods used for bifurcation and stability analysis 

BIFPACK is a useful numerical tool for bifurcation and stability analysis of 
smooth or smoothed nonlinear systems. The implementation of differential equati- 
ons is possible in a simple way. Because of the chosen normalisation (eqs. (6) to 
(10)) the bifurcation analysis for the friction oscillator requires the knowlegde of 
the periodicity of the solution, thus, the number n must be known a priori (cp. eq. 
(25)). Also, a start vector near a periodic solution must be given, otherwise the 
algorithm fails. Another disadvantage of the path following algorithm is, that only 
stable and unstable solutions bifurcating from the given branch can be found. ”To 
find all branches, good luck is also needed”, 4?. 
Bifurcation and stability analysis for the non-smooth friction oscillator cannot be 
done by means of BIFPACK but on the basis of the H-map. This method does not 
require any a priori knowledge about the system behaviour. Another advantage of 
this method is, that calculating the first n iterates of the H-map, the stable and 
unstable branches up to period n will be found. The slope of the map for a given 
value 77 follows for friction characteristic I from the implicit function theorem and 
has to be calculated for friction characteristic II by means of a numerical interpo- 
lation. This can cause trouble, since for the detection of fixed points it must be 
decided whether the tangent to the graph H(nr) is vertical or H(n7) jumps. The 
comparison of the results gained on the basis of the H-map (friction characteristic 
II) and those using BIFPACK (friction characteristic III) shows a good agreement. 
Thus, the detection of unstable branches and the classification of different bifurca- 
tion types for the non-smooth system under consideration is possible. But for the 
full understanding of the dynamic behaviour there is still the open question whether 
the observed high-periodic motions are high-periodic, quasiperiodic or chaotic. To 
answer this question the Lyapunov exponents are helpful. 


6. Lyapunov exponents 


The determination of Lyapunov exponents is the most useful diagnostic for chao- 
tic system behaviour. Lyapunov exponents measure the exponential rates of diver- 
gence or convergence of nearby trajectories of an attractor in the state space. In 
recent years methods for the calculation of the Lyapunov exponents for dynamic 
systems with discontinuities have been proposed in some papers, for instance ?9*2, 
Here, another approach is introduced. As described above, for the non-smooth 
three-dimensional system of the friction oscillator, the system can be reduced to a 
one-dimensional map H. So, by means of the system reduction we have lost two 
Lyapunov exponents. One of them equals zero, corresponding to a tangential per- 
turbation direction. The other equals minus infinity, because in the stick-mode the 
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system is two-dimensional. So, the essential Lyapunov exponent for the indication 
of the type of system behaviour for the non-smooth system can be determined by 
means of the slope of the H-map at points crossed by an orbit. An asymptotically 
stable orbit requires the geometric average of these slopes along the orbit to be less 
than one. If this average is greater than one, the orbit is unstable and therefore 
initially small deviations from the orbit will increase with further iterations of the 
map. 

The measure of average local stability, the Lyapunov exponent A, can be given in 
the case of the one-dimensional map H by, cf. 38, 


N 
. 1 , 
AOS ye Mt (30) 
jJ= 
The Lyapunov exponent can be interpreted in the following way **: 


- A <0, the orbit is stable and periodic, 
- A =0, the orbit is neutrally stable and quasiperiodic, 
- A >0, the orbit is chaotic. 


Fig. 31 shows the maps H for a system with friction characteristic I for a 10-periodic 
(n = 2.0072) and a chaotic solution (7 = 2.0088) with the corresponding orbits. 
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Fig. 31. Convergence of the Lyapunov exponent for friction characteristic I (4 = 10, uo = 0.5), 


(a) n = 2.0072, (b) 7 = 2.0088. 
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The calculation of the Lyapunov exponents by eq. (30) shows good convergence 
with increasing number of iterations. In Fig. 32 the bifurcation diagram and the 
corresponding Lyapunov exponent is presented for a variation of the parameter nN. 
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Fig. 32. (a) Bifurcation diagram, (b) corresponding Lyapunov exponent for friction characteristic I 
(FX = 10, uo = 0.5). 

Period doubling takes place if the slope H’ of the map in a fixed point is H’ = —1, 
thus the Lyapunov exponent yields A = 0. Whereas the Lyapunov exponent tends 
to A = —oo for the so called superstable solutions (e.g. Fig. 32: n = 1.9601, = 
1.9638). For these orbits the slope H’ of crossed points H(n7;) equals zero. 


7. Experimental results 


In the following the correctness of modelling of the friction force and the validity 
of the chosen simple mechanical model of the friction oscillator for technical appli- 
cations shall be investigated by means of experiments. Such experiments have been 
performed and reported in e.g. 847, For self excitation the energy was transferred 
to the oscillator, a cantilever beam, by means of a moving belt similar as shown in 
Figs. 3 and 8. The measured signals have been processed to gain time histories, 
phase-plane plots, frequency spectra, the autocorrelation function, a pseudo-state 
space, correlation integrals and correlation dimension. However, to avoid the ela- 
sticity of the moving rubber belt a new test setup has been built, where a rotating 
steel disk serves as energy source. 


7.1. Experimental setup 
From the sketch of the experimental setup given in Fig. 33 it can be seen that 


the pendulum 1 with variable moment of inertia J and the friction body 2 fixed on 
the pendulum is pressed against the disk 3. 
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Fig. 33. Sketch of the experimental setup. 


During construction of the test stand special attention has been payed to the 
following demands: 


- possibility of change of the friction materials, 
- small damping, 
- variable system parameters J, R, cy, dy, Fn, 0, cf. Fig. 33. 


The rotational degree of freedom of the pendulum around its center axis and the 
translatory degree of freedom normal to the contact plane have been realized by 
means of air bearings. Disk 3 can be driven with constant angular velocity 2 or 
periodic oscillating velocity. 

The equation of motion for the rotation angle y of the pendulum reads 


IG + dg + coy = Fr(vr)R, (31) 


where R denotes the distance of the center of the contact area to the center axis. As 
can be seen from the eq. (31) the experimentally investigated system leads to the 
same simple mechanical model as described in section 1 with an additive (small) 
damping. 

(a) — (b) 





Fig. 34. Photograph of (a) the experimental setup, (b) the friction contact with the force transducer. 
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Fig. 34(a) shows photographs of the experimental setup, in F ig. 34(b) the fric- 
tion contact with the three component force transducer for direct measurement of 
the normal and friction force is given more in detail. 

Displacement and velocity of the pendulum can be measured using a laservibrome- 
ter. So, the only contact of the pendulum with solid bodies are the friction contact 
at the disk and the springs. The damping of the pendulum motion including mate- 
rial damping of the springs is very small (D = sss <x erOe): 

7.2. Determination of friction characteristics 

In order to determine friction characteristics in a first step the rotational degree 
of freedom has been fixed by means of another pair of air bearings. The results of 
friction measurements for the materials steel - brass and constant relative velocity 
between the contacting friction bodies is shown in Fig. 35: 
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Fig. 35. Determination of the friction characteristics: (a) normal force, (b) friction force, (c) friction 
coefficient, (d) friction characteristic. 


The normal force Fy and the friction force Fr given in Fig. 35(a) and 35(b) 
are oscillating which has also been found in previous works, e.g. 44. The time 
dependent friction coefficient p(t) = wee has been calculated for each time t, the 
results are shown in Fig. 35(c). From the distribution p() of the y-values the mean 
value and the standard deviation for different values of the relative velocity v, has 
been calculated and marked in the friction characteristic Fig. 35(d). The charac- 
teristic exhibits clearly a decreasing slope for increasing relative velocities. For a 
comparison of measured friction characteristics for different test conditions and a 
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comparison with friction characteristics given in the literature a curve fit using an 
exponential function has been done. Fig. 36 shows the fitted friction characteri- 
stics for different normal loads and friction materials steel-brass (Fig. 36(a)) and 
steel-bronze (Fig. 36(b)). 


(a) (b): 
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Fig. 36. Friction characteristics for different normal loads: (a) steel-brass, (b) steel-bronze. 


As just known from the early observations of Amontons * the friction characte- 
ristics do not differ very much for different normal loads. 
As described before, the disk can also be driven with harmonically oscillating velo- 
city. The corresponding results are shown in Fig. 37. 
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Fig. 37. Friction characteristics for oscillating relative velocity: (a) relative velocity, (b) normal 
force, (c) friction force, (d) friction characteristic. 
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Also for such test conditions the normal force oscillates (Fig. 37(b)). The fric- 
tion force (Fig. 37(c)) changes its sign with a change of the sign of the relative 
velocity. Here, the dynamical friction characteristic follows directly from one mea- 
surement. This characteristic also shows a decreasing slope for increasing relative 
velocities. However, a small hysteresis occurs between measurements for increasing 
and decreasing relative velocity. At this point the changes in the contact surfaces 
due to wear should be mentioned. Measuring the contact surface before the first 
measurement results in the surface profile Fig. 38(a). 
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Fig. 38. Surface profile and Abbott-curve: (a) before measurement, (b) after measurement vertical 
to the sliding direction, (c) after measurement in sliding direction. 

For the characterization of the wear the surface roughness (R4 = 3.78) and the 
Abbott-curve, which plots the percentage of the cutted surface length depending 
on the cutting depth z from the nominal surface length, have been calculated. 
After some rotations of the disk with small normal forces the surface profile and 
the Abbott-curve (Fig. 38(b)) vertical to the sliding direction have not changed 
significantly (R4 = 3.03). There are still grooves of about 20 um depth. The 
significant change of the surface roughness can be seen in the plot of the surface 
roughness in sliding direction (Fig. 38(c)). Here, because of the wear the roughness 
has decreased (R4 = 0.54). The Abbott-curve shows that a larger percentage of the 
surface seems to support the contact partners. 

In the next step we want to measure the system behaviour of the friction oscillator. 
The comparison of numerical simulations using identified friction characteristics 
with the measured system behaviour shall give a verification of the chosen model. 
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7.3. Measured system behaviour for self-excitation 

Permitting angular motion of the pendulum, self-excitation will result in a stick- 
slip motion. Fig. 39(a) shows the measured phase curve for self-excitation for small 
and large initial conditions. 


(a) 








4 0 4 


Fig. 39. Resulting system behaviour from (a) measurements, (b) simulation. 

The phase curves reach fast the stable limit cycle. One can distinguish direct 
transitions from slip to stick (I), from stick to slip (II), transition points, where the 
pendulum overtakes the driving disk (III) and those, where the sign of the relative 
velocity changes directly (IV). The results of the numerical simulations on the basis 
of the identified friction characteristic is given in Fig. 39(b). A comparison of the 
phase curves shows a good agreement of the system behaviour found in experiments 
and numerical simulations. 


7.4. Measured system behaviour for simultaneous self and external excitation 
Additional external excitation of the self excited friction oscillator can be app- 
lied by means of an electromagnetic force generated at the end of one arm of the 


pendulum (Fig. 40). 





Fig. 40. Photograph of the external excitation device. 
Corresponding to Lorentz law a forcing moment proportional to the current in 
the coil moved in the magnetic field acts on the pendulum. Fig. 41 shows the time 
histories for two different excitation frequencies. 
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Fig. 41. System behaviour for different excitation frequencies: (a) 7.28 Hz, (b) 10.1 Hz. 

In Fig. 41(a) the system response seems to be regular and the modulation of the 
excitation frequency and the eigenfrequency (9 Hz) can be seen. Fig. 41(b) shows 
a nonregular motion. 

So, as seen from the simulations, changes in the system parameters result in qua- 
litative changes of the system behaviour. Further investigations with respect to 
comparisons with simulation results are neccesary. 


8. Conclusions 


This paper deals with friction induced vibrations. Therefore, the friction cha- 
racteristic plays an important role. Since this characteristic is not known exactly in 
reality, three different models of friction characteristics have been investigated, two 
of them are non-smooth. Thus, we have to cope with non-smooth dynamics. This 
is presently a challenge for dynamisists and mathematicians. 

The friction characteristics chosen allow to build up self-sustained stick-slip vibra- 
tions, which are undesired in technical applications. It has been shown that the very 
robust limit cycle of stick-slip motion can be broken up by an external harmonic 
disturbance. The resulting friction oscillator with simultaneous self and external 
excitation shows rich bifurcation behaviour which has been analyzed using different 
methods. A first general result is, that the bifurcation diagrams and bifurcation 
maps for the different non-smooth friction characteristics are qualitatively similar, 
thus, the bifurcation phenomena are robust with respect to changes in the friction 
characteristics. Furthermore, the results for non-smooth friction characteristics can 
be approximated very well by a smoothed characteristic, if the initial slope is very 
steep. As a consequence, beside numerical simulation methods also computer codes 
for conventional bifurcation analysis can be applied. A comparison of corresponding 
results shows good agreement for bifurcation parameters leading to periodic moti- 
ons. However, other than periodic behaviour cannot be investigated by such codes. 
Most promising is the third method developed and demonstrated in this paper. It 
is a point-mapping approach which is superior to the other methods with respect to 
computing time. This approach gives insight into the periodic as well as the chaotic 
behaviour. In summary, the method based on the developed H-map is an efficient 
and illustrative way to carry out the bifurcation and stability analysis for the non- 
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smooth system under consideration. The determination of Lyapunov exponents 
follows without further effort. The mapping approach together with the analysis 
of the winding number gives deep insight into the general dynamical behaviour, 
although the model under consideration is based on a non-smooth mathematical 
description. 

The presented experimental results show the non-smooth transition of the friction 
force for a change of the sign of the relative velocity between the contacting bo- 
dies. The identified friction characteristics exhibit a decreasing slope for increasing 
relative velocities. Inserting the measured friction characteristics to numerical si- 
mulations an agreement of measured and simualted system behaviour has been 
found. 
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ABSTRACT 


Stick-slip oscillators represent a special class of mechanical systems. They are mod- 
eled with a discontinuous velocity field, and they involve a collapsing phase space. 
In single-degree-of-freedom systems, this leads to an underlying one-dimensional 
map. This chapter focuses on a single-degree-of-freedom system with friction. It 
discusses the relationship between stick-slip, the discontinuity, and the underly- 
ing one-dimensional maps. It connects the mechanical characteristics of a chaotic 
stick-slip oscillator to the mathematical theory of one-dimensional maps and sym- 
bol dynamics. Finally, the chapter points out consequences of stick-slip on system 
geometry, including implications regarding the analysis of experimental data. Most 
of the discussions take place through a running example. 


1. Introduction 


Stick-slip is important in mechanical systems. It is typically associated with 
friction. Examples of frictional systems include robot joints, braking systems, auto- 
motive squeak, rail-wheel contacts, micromachines, machine-tool processes, earth- 
quake faults (see Chapter 3), space structures (Chapter 4), and turbine blades 
(Chapter 5). Ibrahim? and Armstrong-Hélouvry et al.? have provided thorough 
surveys on dynamical systems with friction. 

As with Chapter 1, this chapter focuses on the dynamics of oscillators with stick- 
slip dry friction. In this context, a “stick” refers to an event in which the relative 
velocity between contact surfaces is zero for an interval of time. Stick-slip may also 
take place in systems with lubricated contacts?. However, stick-slip is not confined 
to friction phenomena. Many of the ideas presented here, although in the context 
of friction, may be applicable to other stick-slip systems. 

From the point of view of nonlinear dynamics, stick-slip has important conse- 
quences. During a stick, there is a collapse in the dimension of state space*®®, 
This can be visualized in state space by imagining that one of the states, velocity, 
is directly constrained during a stick. For a forced one-degree-of-freedom oscilla- 
tor, this produces an underlying one-dimensional map*®78_ Such maps have been 
studied extensively by mathematicians? !, Thus, we have a class of mechanical 
systems which corresponds to a special class of mathematical systems. The theory 
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developed by the mathematicians for one-dimensional maps may be applied by the 
engineers to the mechanical systems. 

A phenomena similar to sticking can occur in impacting systems also, and is 
sometimes referred to as dwell. For example, a model of a bouncing ball will chatter, 
that is undergo infinitely many impacts in finite time, before resting on the table. 
An oscillating table will soon throw the ball into motion again'!. Szczygielski and 
Schweitzer!2 observed such a dimensional collapse in an impacting rotor. In terms of 
the collapsing phase space, dwell is more extensive than stick-slip. During a dwell, 
the displacement is constrained in addition to the velocity. Thus, the collapse 
reduces the dimension by two. 

Another related phenomenon is that of sliding-mode dynamics. While a fric- 
tional discontinuity tends to occur when relative velocities are zero, a more general 
system can have an arbitrarily oriented discontinuity. This is typical of sliding- 
mode and bang-bang control systems, in which a discontinuity is formed, by design, 
via a control algorithm. In the limit of a continuous-time controller, the motion 
can be constrained within the surface of the discontinuity, leading to sliding-mode 
dynamics!%. This is an example of a dimensional collapse. 

This chapter summarizes the author’s participation in this subject. Section 2 
discusses some examples of oscillators showing stick-slip motion. We will then focus 
on one of these oscillators. Section 3 examines this oscillator experimentally, and 
section 4 numerically. In section 5, the geometry of stick-slip is discussed with 
respect to this oscillator. Section 6 studies the one-dimensional map dynamics 
through symbol sequences and bifurcation sequences. Section 7 addresses some 
experimental issues. 


2. Examples of Stick-Slip Oscillators 


A standard example is a forced mass-spring system with Coulomb damping 
(Figure 1). The nondimensionalized equation of motion is 


24+ 2¢¢+a+4+n(z)f(%) = acosMt, (1) 


where z is the displacement, ¢ is the damping ratio, and acos {Mt represents a har- 
monic excitation. f(z) represents the coefficient of friction, and is given by 


f(é)=psign(t), #40, —-1<f(@)<1, #=0. (2) 


For a constant normal load, n(x) = 1. Stick-slip was noticed by Eckolt’* as early 
as in 1920. Periodic solutions with and without sticking were then formulated by 
Den Hartog!® in 1931. More recently, Shaw‘ extended this work with a modern 
stability analysis, and noticed that the stick-slip dynamics reduced to that of a 
one-dimensional map. 

Allowing the normal load to vary linearly with displacement, the normal load 
at the friction contact is given by 


n(z)=1+kr, «>-—l/k, nlc) =Ojpiow cell ke (3) 
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titanium plate 


titanium pad 


Figure 1: Mechanics model for a forced oscillator with dry friction. The friction 
plates are fixed to the mass m, and slide relative to the friction pads, which are fixed 
in z. The friction surfaces can be arranged such that they are not parallel in the 
direction of displacement z. In such case, the elastically loaded normal forces vary 
with displacement. 


To prevent the existence of a negative normal load (and negative friction), the 
model allows for a loss of contact. This oscillator can undergo stick-slip chaos on 
a branched manifold, which has an underlying single-humped 1-D map**®, We will 
look at this oscillator in great detail throughout the rest of this chapter. 

The model of a belt-driven, forced oscillator also undergoes stick-slip chaos®!” 
(see Chapter 1). It has an underlying 1-D map which resembles a circle map. As 
with circle maps, the oscillator exhibits intermittency as a route to chaos. 

Other types of systems may exhibit stick-slip. One fascinating example is a 
beam with a magnetic tip oscillating near a superconductor. Such a configuration 
produces a locus of fixed points, which provides an opportunity for sticking. A 
return map of this oscillator, when driven to chaos, uncovers a one-dimensional 
map'*. Another example is in a beam with a plastic member!®, which also undergoes 
stick-slip-like behavior, and leads to reduced-order map dynamics. 

The upshot is that forced single degree-of-freedom oscillators with stick-slip 
represent a class of systems in which the underying one-dimensional dynamics as a 
typical feature. Distributed systems with stick-slip can undergo very complicated 
behavior, such as spatio-temporal chaos2%2!, However, the remainder of this chapter 
focuses on simple friction oscillators modeled by equations (1), (2), and (3). 


2. The Nonlinear Dynamics of Oscillators with... 39 


3. Experimental Oscillations in a Mass/Beam System 


Leonardo da Vinci (1452-1519)-noticed that the force of sliding friction is roughly 
proportional to the normal load at the contact surface. In this section, we examine 
an experimental system which exploits this idea. 

The experiment consisted of a mass attached to the end of a cantilevered elastic 
beam. The mass had titanium plates on both sides, providing surfaces for sliding 
friction. Spring-loaded titanium pads rested against the titanium plates. We used 
titanium because it is relatively light and tough, and therefore a candidate for flight 
and space applications?*. The coefficient of static friction for titanium on titanium 
is in the range of 0.7 to 1.173. The titanium plates were not parallel in the direction 
of sliding, and thus a displacement of the mass caused a change in the force on the 
spring-loaded pads. Hence a change in displacement caused a change in normal load 
and frictional force. The angle in the titanium plates was 2.9 degrees. The elastic 
beam, mass and pressure pads were fixed to a common frame which was excited 
harmonically by an electromagnetic shaker. Strain gages attached to the elastic 
beam were used to sense the displacment of the mass relative to the oscillating 
frame. The beam and mass had a fundamental natural frequency of 2.4 Hz with 
the friction removed. The frequency of the second mode was 37 Hz. The excitation 
frequency was typically in the range of 2.5 Hz to 6 Hz, with an amplitude typically 
in the range of 8-12 mm. The first-mode damping ratio was ¢ ~ 0.015. 

Further details regarding the experimental setup can be found in the literature’®. 


3.1. Dynamical Behavior 


Both periodic and chaotic dynamics were observed in this system. The principal 
periodic motions observed were of periods one and two. The experiment seemed to 
be inherently noisy (i.e. small high-frequency signals on the low-frequency oscilla- 
tors), so period-four and higher subharmonics were not observed for a sufficiently 
long time to make good measurements. Speculatively, this noise may be intrinsic to 
friction. Contact surfaces have a random irregularity at some small scale. During 
the sliding process, the temperature of the contacts may vary, inducing a varia- 
tion in the friction properties. Also, wear may effect the experiment by continually 
changing the number and distribution of contact points between the surfaces. Strain 
hardening and oxidation may change the amount of plastic deformation at the as- 
perities. Some of these phenomena may contribute to hidden, unseen state variables 
in the modeling of friction. The “noise” may in fact consist of deterministic chaos 
involving such hidden variables. 

A phase portrait of the oscillator, driven at 3.7 Hz, is shown in Figure 2. The 
motion seems to go through a funnel structure, something like with the Rossler 
attractor24. Unlike the Réssler attractor, sticking motion tends to take place within 
the funnel structure at positive displacements, where the normal load (and hence 
the friction force) is high. As the system is excited, the mass tends to creep out of 
this region of high friction, toward a region of lower friction, producing the funnel 
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Figure 2: Phase portrait for the experimental oscillator during chaotic motion driven 
at 3.7 Hz, with an input amplitude of 6.3 mm. 


shape. Eventually, the friction is low enough for the mass to enter into a larger 
orbit, which may take it back to the high-friction sticking funnel. 

Sticking motion in this oscillator may be associated with heavy dissipation. In 
the familiar case of a block sliding freely on a surface, energy is lost during sliding, 
until motion stops, at which time the kinetic energy is zero. However, in the forced 
oscillator, the simulation model is in some sense not dissipative (by Coulomb effects) 
during sliding (see section 5.2). However, when the oscillator is stuck, all energy 
associated with the input excitation is absorbed without producing motion. Hence, 
there is heavy dissipation during a stick. 

Quantitative statistical measurements can be found in Feeny and Moon!®. 


3.1.1. Three-dimensional flow and one-dimensional map 


Since the oscillator is driven periodically, we can look at the motion in R? x Ss 
where R? consists of displacement and velocity, and S? represents periodic time 
t(mod 27/0), with Q denoting the driving frequency. A projection of the three- 
dimensional phase portrait is shown in Figure 3. The toroidal image is similar to 
a deformed, flattened donut. In a cylindrical coordinate system, the time variable 
moves clockwise around the donut, the displacement variable goes radially away 
from the center, and the velocity points up. 
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Figure 3: 3-D representation of motion for the experimental oscillator driven at 4.2 
Hz. The radial, circumferential, and longitudinal axes are displacement, time, and 
velocity. Positive, negative and zero velocities are in white, yellow and green. Tra- 


jectories flow clockwise. 


42 B. Feeny 


Geometrically, the motion can be approximately described by a sheet which, 
as time evolves, stretches and folds (Figure 4(a)), forming a branched manifold. 
After a driving period has evolved, the end of the sheet is folded and identified 
with the beginning, and it is wrapped around and attached, so that it looks like 
a flattened, deformed torus (Figure 4(b)). Trajectories on the sheet orbit the hole 
as time evolves. Motions on the outside edge of the object wind around in time, 
and return slightly inside the outside edge. Motions on the inside edge wind in 
time, push up into positive velocity, and return on the outside edge (overshooting 
it slightly in the experimental motion). Trajectories on the region between undergo 
stretching and folding. 

A slice through the St component of phase space at a fixed time defines a 
Poincaré section. It provides a cross-sectional view of the dynamical object and 
aids in visualizing the attractor. A Poincaré section for the motion driven at 3.7 
Hz is shown in Figure 5(a). The cross section of the attractor seems to be confined 
to a one-dimensional object bent in two-dimensional space. It is possible to define 
a coordinate s along the one-dimensional Poincaré plot and to construct a delay 
map from the resulting sequence of points. This delay map is shown in Figure 5(b). 
It is a single-humped map, like the logistic map (defined by 8n41 = a8,(1 — s,)) 
and the tent map (defined by s,4,; = as, for 0 < s, < a and Sn41 = a(1 — sn) 
for i < 8, <1). The implication is that the dynamics of a mass-beam system 
with displacement-dependent dry friction may be approximately reduced to a non- 
invertible one-dimensional map! The tent map manifests the stretching and folding 
of the attractor. We will return to maps in sections 5 and 6.2. 

There is some ambiguity in asigning s values to points near the cusp at s = 1: 
This ambiguity causes the horizontal step-like features at s = 0.5 and s — eS); 
since such points are iterated to the area of the cusp. The true map underlying the 
dynamics does not necessarily have these horizontal-step features. 


3.1.2. Varying attractor dimension 


The Poincaré section in Figure 5(a) consists of a fuzzy part and a crisp part. 
The crisp part contains sticking orbits, where the velocity is zero. Qualitatively, 
these two portions are strikingly different. Is it possible that they have different 
dimensions? In the experiment, it is likely that higher modes of the beam, noise, and 
complications in the friction surfaces are mechanisms for disrupting this “ideal” one- 
dimensional Poincaré section. This causes us to wonder if higher modes or additional 
nonlinearities, combined with friction, could produce and example of and attractor 
with nonuiform dimension or topology. (“Nonuniform dimension” refers here to the 
localized box count in the attractor®.) This topic is currently under investigation. 
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Figure 4: A geometric illustration of the motion shows trajectories confined to a 
sheet. (a) A sheet stretches and folds as time evolves, forming a branched manifold. 
(b) The beginning and end of the sheet, at time zero and after the driving period, are 
identified and joined to form a flattened, deformed toroidal structure. Trajectories 
move around the sheet, orbiting the hole. Trajectories that start on the inside fold 
to the outside, while those that start on the outside return near the outside. 


44 B. Feeny 


velocity 





0) 200 400 600 800 1000 1200 
displacement 





15 2.0 


200 ORS 


120 
s(n) 
Figure 5: (a) A Poincaré section is defined as a slice in time. (b) A return map on 
the Poincaré section reveals a one-dimensional map. 
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4. Numerical Modeling 


4.1. Modeling Friction 


Modeling an oscillator with dry friction is not a straight-forward task. Much 
progress has been made in understanding the mechanisms of friction; these have 
been summarized in survey papers?®!?, Friction descriptions range from to detailed 
surface-tribological descriptions, to the simple Coulomb friction law, which states 
that there is a kinetic coefficient of friction. The former approach, although useful, 
is too complicated to put into a low-order differential equation of motion. On the 
other hand, when simple friction laws are used, dynamical friction phenomena will 
not all be modeled, and their effects will not be observed in the dynamics. This can 
effect analysis, prediction, and control”. 

The Coulomb law has been used to model stick-slip!® and forced response”’. A 
simple velocity-dependent friction law with a negative slope can model self-excited 
oscillations?! State-variable friction laws have successfully modeled hysteresis in 
sliding rocks®?3334, Other models may be used to describe phenomena such as rising 
static friction?” or normal vibrations of contact surfaces”®. 

Our interest in this chapter is in stick-slip, and its effects on dynamical systems. 
Hence, we will focus on the Coulomb friction law, since it can model stick-slip 
motion (although it may not model fine details of stick-slip itself). We will also 
take a glance at a simple, smooth friction law, motivated by the idea of static and 
kinetic coefficients of friction, and a state-variable friction law which was written 
up based on experimental observations of the friction forces?*. 

In each case, we assume that the friction force F is proportional to the normal 
load N, such that F = pN. In the experiment, the normal load varies with dis- 
placement, such that N = n(z). In the simple friction laws the coefficient of friction 
is dependent on velocity, i.e. u = f(v). Thus F = n(x) f(v). If another state variable 
6 is involved, then the coefficient of friction might be written as y = f(v,9). 

With this in mind, the general nondimensional equation of motion for the me- 
chanics model in Figure 1 is given in equation (1). The normal load is assumed to 
vary linearly with displacement, with the ability for the contact surfaces to separate 
rather than undergo tension. Thus n(z) has the form of equation (3). Anderson 
and Ferri?8 have studied the case of bilateral contacts, with n(x) = |1 + kz|. For 
our case, normal loads in the direction of sliding have been ignored. 


15,4 


4.2. The Coulomb Model 


People often use coefficients of static and kinetic friction , and pr. The friction 
relation is given in equation (2). For simplicity, we let ws = we = w = 1. Based 
on dynamical friction measurements in an experimental oscillator with titanium 
contacts, this simplification is not too unreasonable?’, Instabilities that might occur 
when pt, > px are eliminated. It turns out that such a material property is not 
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necessary to generate chaotic dynamics. We also set the viscous damping term to 
zero for simplicity, and since its contribution in the experiment was small. 

Before presenting numerical results, we discuss sticking regions, and how they 
effect the integration algorithm. 


4.2.1. Sticking regions 


At the beginning of the discussion, we will relax the condition that n(x) = 0,z < 
—1/k, and impose it again later. We first write equation (1) as a first order system. 
Letting tz} = z and z2 = yields 


Lao, fq = —2, — (1+ kx) f(r) + acos(Nt). (4) 


We can determine the sticking regions by looking for fixed points. Usually, in 
such a non-autonomous system, there are no fixed points because cos(Qt) # con- 
stant. But here, the multi-valued friction force can balance, at least temporarily, the 
driving force. Looking for fixed points, we set the right-hand sides of equations (4) 
to zero, and obtain 


<2 =0, —z, — (1+ kz) f(x2) + acos(Nt) = 0, (5) 
whence, for x; 4 —1/k, we have 
[z1 — acos(Nt)]/(1 + kx) = —f(0). 
However, —1 < f(0) <1. Therefore, if 
—1 < [x1 — acos(Mt)]/(1 + kx) < 1, 


the time-dependent excitation force can be instantaneously balanced by the multi- 
valued friction force. 


For the case in which 0 << k <1, and1+kr>0 (positive normal force), we find 
that x; is temporarily fixed, i.e., x, is in the sticking region, when 


Z1 < [1 + acos(Nt)]/(1 — k), zt, > [—1+ acos(Mt)]/(1 + k). 


For 0 < k <1, and1+kz < 0 (negative normal force), a similar analysis can be 
carried out for the bounds on 2. 

For k > 1, and 1+kz > 0, 2; is temporarily fixed (x, is in the sticking region) 
when 


zt, > [1 + acos(Mt)]/(1 — k), t, < [-1 + acos(Mt)]/(1 + k). 


For k > 1, and 1+ kz < 0, a similar analysis can be conducted. 
In each case, the boundaries of the sticking regions are given by 


Ch: t, = [—1 + acos(Nt)]/(1 + k) (6) 
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Figure 6: Sticking regions R in the (21,t) plane (at r2 = 0) for various values of a 
and k: (a) k <1 and ak <1; (b) k<1 and ak > 1, (c)k>1 and ak <1; (d)k>1 
and ak > 1. Plus and minus signs indicate where the flow is upward and downward 
through the page. Part (a) includes the sketch of a sticking solution, where sticking 


starts at point p and slip resumes at point q. 


48 B. Feeny 


and 


C2: z, = (1 + acos(Nt)]/(1 — k), (7) 


k #1, which intersect at 2; = —1/k when ak > 1. 
The sticking regions R for various parameters a and k are displayed in Figure 6. 


We now enforce n(z) = 0,2 < —1/k so that the surfaces can lose contact. To 
visualize the sticking regions in this case, we can erase all of the sticking regions 
plotted for x; < —1/k. For k > 0 there is a permanent-sticking region defined by 


l-a pear 
1=kPI Re 








r, > max( 


As k — 1-, the upper boundary C; of the sticking region in Figure 6(a) goes to 
+oo. As k passes through the value k = 1, the sticking region boundary reappears 
from —oo, and the orientation of the sticking region is inverted. The case of k = 1 
can be specially analyzed to show that the sticking boundaries are vertical lines. 

Consider an orbit which crosses the 2 = 0 plane either in a sticking region or 
in a non-sticking zone. If it is in the sticking region, it will remain stuck, i.e., 2 
remains constant, until time evolves sugch that it is on the boundary of the sticking 
region. When motion resumes, will trajectories flow into r2 < 0 or z2 > 0? The 
vector field indicates the direction of flow normal to the (z,t) plane. By restricting 
the right side of the second of equations (4) to be greater than zero, 


—z; — (1+ kr) f(z2) + acos(Né) > 0, 


and we obtain 


— 2, + acos(Nt) > (1 + kx1)f(0), (8) 


which describes a region in which flow may go from x2 < 0 to zz > 0. We must 
satisfy this condition for both extremes, f(0) = 1 and f(0) = —1. As a result, for 
“upward” flow, and for f(0) = 1, we must satisfy 


az, <(—1+ acos(Nt)]/(1+k), kH£1, 
and, for f(0) = —1, depending on the value of k, either 
zr, < (1+ acos(Nt)|/(1—k), k<1, 


or 


x >[1+acos(M)|/(1—k), k>1. 


To find the region of “downward” flow, i.e. flow from rq > 0 to z2 < 0, we 
reverse the inequality in equation (8). From f(0) = 1, we must satisfy 


t, >[-1+acos(Nt)|/(1+k), k#1, 
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and, for f(0) = —1, depending on the value of k, either 
x; >{l +a cos(Nt)|/(1—k), k<1, 


z1 < (1+ acos(Nt)|/(1-—k), k>1. 


Thus, the curves C; and C; in the (z1,t) plane (Figure 6) represent the bound- 
aries of both the sticking region and the regions of upward and downward flow. 
This analysis will be revisited from a geometric point of view in section 5. 


4.2.2. Integration algorithm 


We now return to the task of describing an algorithm for numerical integra- 
tion of the discontinuous equations of motion. (See Shaw‘ for a similar algorithm 
for friction without displacement dependence). While we discuss this algorithm 
particularly for this system, researchers have also been developing more general 
algorithms for dealing with discontinuities or unsteady topologies?>*®. 

Starting with initial conditions outside of the sticking region, say tz > 0, nu- 
merical integration begins as usual with f(x2) = 1, and proceeds according to the 
following steps. 


1. Integration continues, point by point, until r2 changes sign. The program 
must now remember the previous point, A. 


2. A shooting routine is used, adjusting the integration step size and integrating 
from A to B, until B is within some tolerance of x2 = 0. 


3. The trajectory is now considered to be in the (21, t) plane; thus it isa candidate 
for sticking. If it is in the sticking region, the algorithm decides whether it 
will leave the sticking region at curve C; or C2, based on the location of the 
point in the (x,t) plane. It then uses equations (6) and (7) to calculate the 
time of departure from the sticking region. 


4. Using the current values of x; and t, the algorithm determines whether the 
onset of motion is upward (x2 > 0) or downward (z2 < 0). If upward, it sets 
f =1 and if downward, it assigns f = —1. It then starts over at step 1. 


Data from this scheme will not have a constant sampling rate (integration time 
step). In order to use data processing programs which require a constant sampling 
rate, the data is interpolated into data with a constant sampling rate. 

The numerical integration scheme is well defined through the discontinuity, pro- 
vided that the time at which a stuck trajectory begins to slip can either be cal- 
culated, or determined as infinite (implying permanent sticking). Thus, in the 
numerical procedure, solutions exist, and are unique in the forward sense. This 
idea is revisited in section 5.5. 
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Figure 7: A numerical solution of the Coulomb oscillator with Q = 1.25,a = 1.9, and 
k = 1.5; projection on the two-dimensional (2, z) space. 


4.2.3. Results 


The numerical study of the Coulomb model concentrates on the parameter values 
k = 1.5,0 = 1.25, and a= 1.9. The parameters are chosen not from experimentally 
measured values, but as values which produce behavior qualitatively similar to the 
experiment. Chaotic motions of this type can be seen for a large range of parameters. 

The phase portrait of a chaotic numerical solution is shown in Figure 7. Sticking 
takes place at the trajectory cusps in the funnel structure. The system has three 
state variables: displacement z, velocity ¢ and time t(mod 27/ 0) arising from the 
periodic excitation. A projection of the 3-D phase portrait is shown in Figure 8. 
The geometry of the attractor is the same as that of Figure 4. 

Taking a slice of time, we can examine the Poincaré section. Again, its im- 
age appears to be one-dimensional. We can define a coordinate s along the one- 
dimensional image, and plot the return map, as in Figure 9. The dynamics reduce 
to a one-dimensional map. 

All of these features—the funnel structure, the 3-D attractor, the 1-D Poincaré 
image, and the tent-like return map—compare well with the experiment. 

A bifurcation analysis using an increasing paramter a has shown period-doubling 
to be the root to chaos. Lyapunov exponents, however, were not calculated, since 
the presence of the discontinuity interferes with its calculation from the equations 


2. The Nonlinear Dynamics of Oscillators with... 51 





Figure 8: Numerical solution of the Coulomb friction attractor shown in 3-D with z, 
t(mod2z/Q), and z as the radial, circumferential and longitudinal coordinates. Pos- 
itive, negative and zero z are in white, yellow and green. Trajectories flow clockwise. 
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Figure 9: Return map on a coordinate s defined along the Poincaré section for a 
numerical simulation of the Coulomb model. 


of motion. A method for computing Lyapunov exponents in the presence of a 
discontinuity can be found in the literature?”. 


4.3. Modeling with a Smooth Friction Law 


We have seen how the multivalued discontinuity led to the presence of sticking 
regions. It turns out that a smooth friction law with a very steep slope in place of 
the discontinuity can produce nearly sticking effects. The convenience of using a 
smooth friction law is that we need not be concerned with the presence of disconti- 
nuities while performing the numerical integration. To this end, we choose a smooth 
function for f(v) which has features approximating static and kinetic coefficients of 
friction, 


f(v) = (ue + (1 — wx) sech(Bv)) tanh(4v), 


and plug this friction function into the non-dimensional equation of motion (1). 
For various parameter values we can observe period-one, period-two, and higher- 
period motions. We can also find chaotic motions with some similarities to those of 
the experiment. Period doubling is the observed route to chaos. We present results 
for the parameter values 2 = 1.3,a = 1.45, k = 1.5, ¢ = 0.015,a = 50,8 = 5, x, = 
0.7, and i, = 1, 
The phase portrait, displayed in 2-D, has the familiar funnel structure (Fig- 
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‘Figure 10: A numerical solution of the smooth-friction oscillator with 2 = 1.3,a = 
1.45, and k = 1.5; projection on the two-dimensional (z, £) space. 


ure 10). The 3-D phase flow shows a stretching and folding toroidal (Figure 11). A 
return map on the Poincaré section reveals a tent-like one-dimensional map (Fig- 
ure 12). These features resemble those of the experiment and the Coulomb model. 


True stick-slip cannot take place with the smooth friction model. Since there is 
no discontinuity, there are no true sticking regions. Instead of a discontinuity, there 
is a very steep slope at the origin of the friction function. Its effect is to strongly 
dampen motions in that region. As a result, “nearly sticking” motion seems to take 
place. This is visible at the tiny loops in the funnel of Figure 10, as compared to 
the cusps of Figure 7, which represent true stick. It is also visible in Figure 11 as 
the circular orbits near the zero-velocity plane, underneath the fold. 

With the smooth function we can easily calculate a Lyapunov exponents. Since 
the smooth law is differentiable, the differential equation of motion is differentiable. 
Hence, the variational equations, which require differentiation of the vector field, 
can be computed. The largest Lyapunov exponent was calculated as \ = 0.11, 
which is greater than zero, indicating sensitivity to initial conditions and a loss of 
longterm predictability®. 
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Figure 11: Numerical solution of the smooth-friction attractor shown in 3-D with 
t, t(mod2z/Q) and z as the radial, circumferential, and longitudinal coordinates. 
Positive, negative, and (nearly) zero are in white, yellow, and green. Trajectories 
flow clockwise. 
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Figure 12: Return map on a coordinate s defined along the Poincaré section for a 
numerical simulation of the smooth-friction model. 


4.4. Modeling with a State- Variable Friction Law 


In the previous section we described friction laws which depend only on velocity 
and displacement (via the normal load). In this section, we explore a friction law 
which depends on an additional “hidden” variable. Such friction laws have been 
dubbed state-variable friction laws, and have been used to model experimental data 
on the steady sliding of rocks*****4, 

Why introduce an extra state variable here? Notice that in the 3-D display 
of the experimental dynamics (Figure 3), orbits that start on the inside of the 
deformed torus travel through positive velocity, and fold onto the outside of the 
torus, passing through the zero-velocity plane before returning to zero velocity. On 
the other hand, in the previous simulations, trajectories that start on the inside of 
the deformed torus travel through positive velocity, and fold onto the outside of the 
torus, sealing onto the zero-velocity plane (sticking motion). The discrepancy could 
be due to experimental factors, such as the effect of higher modes in the beam, 
or filtering. Conversely, there might be some shortcomings in the simple friction 
laws. In what follows, the state-variable friction model will produce the feature of 
overshooting the zero-velocity plane prior to achieving sticking motion. 

We choose a friction model based on experimental observations of friction mea- 
surements, without regard to the physics of friction®®. In this formulation, the 
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equations of motion have an additional state 0, such that 


£+2+n(zr)0 = acos(Nt), 6 =-7(0 — f(z)), (9) 


where f(x) is a simple friction function, such as the Coulomb law. 6 represents 
the instantaneous coefficient of friction, and for a constant z it asymptotically ap- 
proaches a backbone function, represented by f(z). Thus, the friction law is like a 
simple one, but with some inertia. 

Equations (9) use a state-variable friction law similar to those of Ruina®?4, The 
backbone is slightly different, and it allows for relative sliding to switch directions. 
(Ruina has proposed a modification to his law to accomodate sliding reversals). Also 
the right-hand side of Ruina’s version of the second of equations (9) is multiplied 
by the velocity. Experiments with other frictional systems indicate that this type 
of velocity dependence is necessary to model certain friction phenomena*. We are 
also assuming that the normal load n(z) has no direct effect on the dynamics of 6, 
contrary to the observations of others®%?°, 

Equilibrium solutions of equations (9) for the unforced case with n(z) = 1 are 
z= —6, and @ = f(0). Thus, if f(z) is multivalued at ¢ = 0, such as with the 
Coulomb law, the undriven oscillator will have infinitely many equilibria. Still, 
during oscillation, the friction force will not change discontinuously in time. 

A simulation of the oscillator with skewed plates was performed by letting n(z) = 
1+kz,z > —1/k and n(x) = 0,2 < —1/k. For simplicity, we used f() = tanh(50z) 
(a smooth approximation of the Coulomb law with He = fs = 1). A 3-D phase 
portrait is shown in Figure 13 for the parameter values of k = 1.5, 2) = b 25,129, 
and 7 = 10. Note, however, that equations (9) represent a four-dimensional system. 
In the plot, motions starting from the inside of the torus flow through positive 
velocity and overshoot the zero-velocity plane before achieving “nearly” sticking 
motion, similar to the experimental oscillator. 

The state-variable friction law in equations (9) is not guaranteed to be passive. 
The friction will do positive work on the system whenever 6 and z differ in sign. No 
analysis has been performed in this regard. For the large motions simulated, this 
does not present any problems. However, for small motions, it could be that the 
model and experiment will have qualitatively different behaviors. 


4.5. Summary 


Due to the multivalued discontinuity, the Coulomb law incorporates stick-slip 
in its behavior, while the smooth, simple friction law, and state-variable law ap- 
proximate stick-slip. Each friction model is able to recreate qualitative features 
seen in the experimental system. These features include the strange attractor on a 
branched manifold, and the reduction of the dynamics to a one-dimensional map. 
The state-variable friction law was able to model the addition detail of trajectories 
overshooting the sticking region before approaching it. The experiment displayed 
this overshoot, while the simple friction models did not incorporate it. 
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Figure 13: Numerical solution revealing the attractor for the state-variable-friction 
model shown in 3-D with 2, t(mod2m/Q) and @ as the radial, circumferential, and 
longitudinal coordinates. Positive, negative, and (nearly) zero ¢ are in white, yellow, 


and green. The flow is clockwise. 
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The Coulomb model and the smooth model suggest that the important con- 
tributors to the formation of the attractor on a branched manifold are the (near) 
discontinuity of the vector field, and the dependence of the fricton on displacement 
as well as velocity. A negative slope is not necessary for obtaining chaotic motion 
in a friction oscillator. Such negative rate dependence is likely to be a material 
friction property, while the displacement dependence can easily be a property of 
the mechanical set-up. 

In the next section, we discuss the geometric properties of stick-slip in this 
oscillator, and how the one-dimensional map arises. 


5. The Geometry of Stick-Slip 


In this section, we study the geometry of the vector field corresponding to equa- 
tions (1), (2), and (3). We have already noted that an interesting feature of this 
ordinary differential equation of motion is that, because of the friction function, it 
is discontinuous and multivalued at ¢ = 0. It is multivalued in that f(0) can take on 
any value between —p, and pg. 

One approach to such a problem is to view it as a piecewise continuous system, 
examine the continuous pieces, and match them. Alternatively, we might look at 
the limiting behavior of continuous systems which in some sense converge to the 
discontinuous system‘!. This section focuses on the former approach. 

The case of k = 0, and hence n(x) = 1, can be solved for periodic motion! 
and their stabilitiest by breaking the problem into piecewise linear equations and 
exploiting symmetry in z. Unfortunately, by including k # 0, thereby causing n(z) 
to be active and nonconstant in equation (1), we lose the symmetry in z. Hence, the 
calculation of periodic orbits and their stabilities is extremely difficult. We choose 
another approach for the analysis: we graphically examine the qualitative nature 
of the system. This type of analysis has been done in classic nonlinear-vibrations 
texts‘?°° for two-dimensional autonomous systems. 

Equation (1) with equation (2) is piecewise integrable, that is it is solvable in 
subregions of the state space. We geometrically observe the nature of the flow in 
each of these regions of solvability, and then see how these solutions interact at the 
boundary of the regions. The dynamics of the flow are viewed in terms of a map 
on the boundary between the regions. From a qualitative picture of this map, we 
can construct the attractor, and show that 


1. the dynamical behavior reduces to a one-dimensional map, 


2. the flow of the Coulomb oscillator may not be invertible (previously reported 
by Shaw‘), 


3. the flow may reach its attractor in finite time, and 


4. the attractor has dimension less than or equal to two. 
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Takens*? had observed these properties in constrained systems**. These proper- 
ties are made possible because the Coulomb friction law produces a discontinuous 
and multivalued vector field (the same mechanism responsible for stick-slip motion). 
Finite attraction time to “terminal attractors” has been exploited for the learning 
process in neural networks with non-Lipschitz components*®. Other properties may 
arise in systems with discontinuities. For example, in a problem modeling shock, 
Antman** uncovered nonunique forward solutions. We will also look at the ramifi- 
cations of stick-slip on experimental methods in section 7. 


5.1. Piecewise Linear Equations 


Again, we look at the special case of y, = pw, = 1. Further, we neglect the 
viscous damping term Cz (recall that the experimental damping ratio was measured 
as € = 0.015). Finally, out of interest, we will only look at the case where k > 1, for 
which the sticking region has a particular structure (see section 4.2.1). Equation (1) 
with equations (2) and (3) can be written for regions in which they are solvable: 


Z+(1+k)r= —1+4+ acos(Nt), oS Usa = =<, (10) 


z+(1—k)z =1+acos(Nt), 0, ee “2. (11) 


For z < —1/k, the normal load becomes zero due to the no-contact condition, and 
we have 


£+2 =acos(Nt), 2 < -7. (12) 


For —1 < k < 1, equation (10) has harmonic solutions. For k > 1, the solution 
of equation (11) consists of a driven saddle. 

Let D denote the (z, t)-plane (z = 0) and consider the mappings associated with 
the flow of points based at D: 


Pree), “2 > 0; 


Pa Ou— De 20) 


where P+ is the map that arises from the flow of equation (10), and P~ is the 
map that arises from the flow of equation (11), and 6 C D and © C D denote 
the domains of P+ and P~, respectively. The goal is to geometrically describe the 
maps P+ and P~, and see how they interact with the sticking region. The idea 
is sketched in Figure 14. For simplicity, we will start the discussion by omitting 
equation (12), which arises from the no-contact condition. Thus we will discuss the 
mapping between the flow of equation (10) and equation (11). This analysis is of 
interest anyway, since regular and chaotic motions confined to the region z > —1 /k 
have been observed in some numerical integrations. The results will be completed 
by including equation (12) numerically. 
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Figure 14: Trajectories governed by each piecewise linear equation are associated with 
either the map Pt : @ — D, for trajectories in z > 0, or the map P~ : 6 > D, for 
trajectories in  < 0. Some orbits get mapped into the sticking region R, where the 
motion remains constant until such time that the orbit is no longer in the sticking 
region. The curves C; and C2 represent the boundaries, in D, between the sticking 
regions R and the domains @ and © of P+ and P-, respectively. 
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5.1.1. The sticking region—geometric interpretation 


Analysis of equation (1) with equation (2) for ¢ = 0 leads to the sticking regions. 
In section 4.2, the sticking region was found by analyzing equations (4) for fixed 
points and using the multivaluedness of f(z2) at rz = 0'°*'®. However, we will 
describe the sticking regions using a geometric viewpoint which will help set the 
mood of this analysis. 

If we write equations (4) in extended phase space for z > 0, we have 


sh) Seon 


fg = —(l+k)x,;-—1+acos(Mt), 22>0 (13) 
| ee 
By looking at the sign of #2 adjacent to the (z,t)-plane D, we find regions where 
the flow of equations (13) is upward and regions where the flow is downward. The 
curve (in the plane D) dividing the regions, called Cj, is given by 22 = 0, which 
yields 
—1 + acos(Nt) 
1+k 

We can do the same for the case of « < 0. The equations in extended phase space 
are 


Cher 


Ii = 22 
fo = —(1—k)z1 +1 + acos(Mt), 22 <0 (14) 
=a 


The regions for upward and downward flow on the (z,t)-plane D for equations (14) 
are separated by a curve C2, which is given by z2 = 0, or 


(ee pees) 


Since the flows of equations (13) and (14) meet at D, we try to match the flow above 
D with the flow below D. There are some regions where the flow of equations (13) 
is directed from < > 0 toward D, and simultaneously the flow of equations (14) is 
directed from « < 0 toward D, producing a conflict in the flow directions. (Similarly, 
there are regions where th flow from both < > 0 and z < 0 are directed away from 
D.) These regions of conflict are the sticking regions R, as shown in Figure 15. 
Regions where the flow directions agree and are upward (toward ¢ > 0) are labeled 
®, and regions where the flow directions are downward (toward z < 0) are labeled ©. 
In the region “above” (defined as {(z,t): 2 > 2) and x > x), where (r,t) € Ci, 
and («(?),t) € C2}) both C; and C2, the flows of both equations (13) and (14) are 
directed toward the (z,t)-plane. Hence, orbits hitting this region are trapped in 
D, x remaining fixed, as time evolves until the moment that the direction of flows 
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Figure 15: The sticking regions when the no-contact condition is observed. @ and © 
indicate upward and downward flows. R indicates the sticking region. B+ labels the 
portion of C; with positive slope, bordering @, and B™ labels the portion of C2 with 
positive slope, bordering 6. 0 = 1.25,a = 1.9, and k = 1.5. 


is in agreement. The multivaluedness of f(z2) provides a bridge between the flow 
of equations (13) and the flow of equations (14), and allows this trapping to take 
place. In the region “below” both C,; and C2, 2; < —1/k, and due to the no-contact 
condition, there are no sticking regions. 

If we apply the no-contact condition, the direction of flow for x < —1/k is 
then governed by equation (12). The curve C3 separating regions of upward and 
downward flow in equation (12) is given by 


C3: 2, =acos(Nt), 2, < -7. 


The curves C',, C2, and C3 all intersect at the same points: 


zr i 
i Re 
= Q arccos k . 
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5.2. Qualitative Mapping of Regions 


We would like to see how the active regions (nonsticking regions) map under 
P+ and P-, and how they interact with the sticking regions®. Again, results are 
presented for parameter values of a = 1.9, = 1.25, and k = 1.5. 

Referring to Figure 15, we consider the mapping of the region @ via Pt, and the 
mapping of the region © via P~. If R is the sticking region, then PBUQUR = D. 
Motions in R either stay in R forever, or, through the evolution of time, exit R into 
® or © via the map S : R > B*+UB-, where B* and B™ are part of the boundaries 
of ® and © as shown in Figure 15. (The sets B+ and B™ are the components of 
C, and Cy, respectively, through which sticking orbits originating in R must pass 
as they exit R.) Therefore, the system can be understood through the mappings 
of ® and ©. Certainly P+t(®@)N ® = 0, and P~(E) NO = D. It is also likely that 
P*+(®)NRFO, and P-(E)NRF OD. 

We want to qualitatively describe the images Pt(®) and P~(6). 

The dynamics of the Coulomb oscillator can be described by successive mappings 
of © or ©, under P+, P~, and S, when appropriate. Figure 16 shows the computer- 
generated sequence of mappings of © for a particular set of parameter values. The 
process accounts for no-contact condition. Within one period of time, the entire 
region of initial conditions has been crushed into a set of curves. This smashing is 
not asymptotic! It occurs suddenly in the sticking regions. The attractor lies in the 
images of B+ and B~. Many initial points will be condensed onto the attractor in 
finite time. 

A three-dimensional blob of initial conditions condenses into a two-dimensional 
blob as it flows into the sticking region. Thus volumes of phase space are col- 
lapsed during a stick. This dimensional collapse corresponds to the heavy energy 
dissipation discussed in section 3. 

The result in Figure 16 suggests that we only need to understand mappings of 
B+ and B- to understand the long-term behavior of the entire system. When we 
study the system in this way, we are implicitly assuming that all orbits eventually 
pass through the sticking region, exiting onto B+ and B~. We must therefore ask, 
under what conditions do all orbits pass through the sticking region? 


Fact: If the inverse image and the forward image of © (or @) do not intersect in 
D, then all orbits will pass through the sticking region. 

Proof: Suppose P~(6) NM P+’ (@) = 9. If a point r ¢ Pt” "(Q), andr € ®, then 
ry = Pt(r) Z ©. Since P-(®)N @ = 0, 11 € RK. On the other hand, if r € P*” con 
and r € 9, then r, = Pt(r) € ©, and rz = P-(r;). By the hypotheses that 
P-(©) 0 P+ (@) = 0, we know that rz ¢ p+" (0). Since ro ¢ Pt™’(6), we have 
seen in the above argument that P*+(r2) € R. 


In other words, if we follow any point s starting in ©, its mapping r = P~(s) 
will be in the image of 6, P-(@). If P~(©) does not intersect the preimage of 6, 
then r is not in the preimage of ©. If r is not already in R, then its mapping P*(r) 
will certainly be in R, and the motion will stick. In the case when the initial r € R, 
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Figure 16: Successive mappings of 6. Within one period of excitation, the entire set 
of points has condensed to a line. N = 1.25,a = 1.9, and k = 1.5. 


the motion begins trivially in the sticking region. 

This fact provides a sufficient condition for all trajectories to eventually pass 
through the sticking regions. We need no proof for the images and preimages of ® 
because all orbits in @ either map to R or to ©. 

It can be shown numerically that, for the parameters of focus, P~() and P~(6) 
do not intersect®. 

The sequence of mappings of the boundary of © can be viewed as a one- 
dimensional tent-like map. Depending upon the degree of stretching and folding, 
we may have periodic or chaotic dynamics. The dynamics of this oscillator has been 
shown to be associated with a one-dimensional single-humped map (see section 4.2). 
Unlike the usual case where the one-dimensional map is an approximation which 
exploits a strong stable foliation, this one-dimensional map arises exactly. 


5.3. Construction of the Attractor 


The sequence of mappings of B~ can be viewed by wrapping t(mod 2%) around 
and back to itself (in S’). These mappings can then be extrapolated into a flow in 
(x, z,t(mod %))-space. The resulting template (Figure 17) resembles the images of 
Figures 3, 4, and 8, displayed in the same space. The dynamics is in a branched 
manifold. Whether the branched manifold produces a strange attractor or a periodic 
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Figure 17: The attractor is constructed by identifying periodicity in the time variable, 
and extrapolating the previous map sequence into a flow. 


attractor depends upon the parameter values. Whether all the motions go through 
the sticking region also depends upon parameter values. 

Templates of the Lorenz attractor’? and the Roéssler attractor’4 are prime ex- 
amples of branched manifolds. (Guckenheimer and Holmes’® demonstrate the con- 
struction of the Lorenz branched manifold, and further geometric analysis.) Their 
motions are strongly asymptotically attracted to the branched manifolds. The semi- 
flow on the branched manifold is an approximation, and does not fully represent 
the detailed behavior of the system. 

In the Coulomb oscillator, however, the motion is condensed suddenly (not 
asymptotically) onto the branched manifold. This noninvertible condensation, due 
to the discontinuity and multivaluedness of the Coulomb friction law, gives the 
Coulomb oscillator the opportunity to have a strange attractor in a two-dimensional 
manifold. The dynamics in the branched manifold fully represents the long-term 
behavior of the system. 

When analyzed using constrained equations, chaos in Lorenz- or Rossler-like 
attractors is also confined to a two-dimensional manifold*”. The forced belt-driven 
oscillator!”® should also be confined to a two-dimensional manifold. 

The entire attracting set for this system consists of the attracting branched- 
manifold, and of the permanent-sticking region which surrounds this toroidal struc- 
ture. The permanent-sticking region exists on D for all z, greater than the max- 
imum of ae and i, These values represent the maximum values of curves C, 
and C>. All points landing in this part of the sticking region are stuck forever. 

The dynamics on branched manifolds may be viewed via one-dimensional maps, 
i.e. maps of the form 8n41 = g(Sn). A map that would account for both the dynamics 
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on the branched manifold, and the permanently sticking motions, would consist of 
a component (s, > 0) resembling a single-humped map, and a component (s, < 0) 
coinciding with the identity line, respectively. The component coinciding with the 
identity line produces an infinite locus of fixed points for all s, < 0. Motions on 
Sn > 0 are dynamic, and may have periodic or chaotic attractors. Motions that get 
mapped to s, < 0 are trapped there forever. 


5.4. The Limit of Large Excitations 


Let us look at the geometry as the excitation amplitude a becomes large. Letting 
x = az, the approximate equations for large a are given as 


Z4+(1+k)z = cost, z > 0, (15) 
Z+(1—k)z = cost, = 0; (16) 
Z+2z=cosNt, z <0. 


Hence, as a — oo, the constant term of each piecewise continuous system becomes 
insignificant; the system approaches piecewise linearity. Therefore, the form of the 
mapping of each boundary in Figure 16 approaches a limiting form. 

With the scaled coordinate z, the curves defining the sticking regions approach 
the form 





cos Nt 

22 = —— 

1 ib aye” 
cos Nt 
Cy lek? 


as a —+ oo. This is true for all k # 1. The ratio of the amplitudes of these curves 
is r = (1 +k)/(1 —k). The parameter value k = 1.5 leads to r = 5. For the case of 
k = 1, the curves defining the sticking regions are vertical lines. Hence, the sticking 
regions are vertical strips. 

Thus, the geometry of the sticking regions appoaches a limiting geometry in 
the same scaled coordinate z for which the mappings of the boundaries approach a 
limiting form. Thus, the entire system dynamics approach a limiting dynamics as 
a — oo. This will qualitatively be of the form of the branched manifold constructed 
in the previous section. This limiting dynamics is in the scaled coordinate z. In 
the real coordinate x, the dynamics grows with a. System parameters determine 
whether all trajectories exhibit sticking behavior, whether the attractor is chaotic, 
or whether all motions go into the permanent-sticking region. 

In the case of k = 0, C, and C2 coincide, and equations (15) and (16) are the 
same. Thus, the system approaches the behavior of a frictionless system. 
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5.5. Existence and Uniqueness of Solutions 


Existence and uniqueness for systems with simple discontinuous friction laws has 
been addressed in various contexts. References to this topic go back to Painlevé* 
in 1895. With robot linkages and sliding bars with coulomb friction (f = psign(v)), 
the normal load, and hence the friction, is dependent on the acceleration. When 
the Coulomb model is used, such systems have been shown to have the possibilities 
of both multiple solutions and no solutions*#°°*?, 

The model studied here does not have the influence of acceleration on the fric- 
tional force. Existence and uniqueness of such vector fields has been studied by 
Filippov®?. Our concern is actually with the choice of the friction model, namely 
in modeling the discontinuity. The geometric discussions above lead to a simple 
criterion on whether the discontinuous function will admit solutions. 

_ The multivaluedness of f(z2) at zz = 0 is necessary for the existence of solutions 
in the sticking region. If f were a single-valued function, and, say, f(0) = 0, what 
would happen? A trajectory in the sticking region in D would be governed by the 
equations (1) and (2) with f(0) = 0. This reduces to a case where there is no static 
friction, and has the form of equation (12). An orbit in D would be, with probability 
one (unless it lies on the curve defined by 21 = acos Mt, in which case it would be 
in equilibrium for an instant, and then no longer be on the curve), directed out of 
D. Such a trajectory, if it were to exist, would have to immediately leave D. But it 
cannot leave D since the flow outside D is directed toward D. So the trajectory does 
not exist. The multivaluedness of f provides a bridge for the flow across D through 
the sticking region. The discontinuous f(v) can have a multivalued bridge which 
exceeds the connection between +1 and —1 (, > px). Then the sticking regions are 
larger, but trajectories can still remain directed in D while in the sticking region. 

Thus, solutions to equation (1) subject to the commonly and loosly defined 
friction function f(z) = sign(#) will not exist in the neighborhood of regions in the 
discontinuity where the sense of the adjacent vector fields are in conflict. However, 
in defining a multivalued friction law through the ideas of static friction, solutions 
exist everywhere. 

Generally, the flow as defined on the discontinuity must be compatible with 
the piecewise flows adjacent to the discontinuity. Filippov’s solution construction 
ensures such compatability®’. 

The numerical procedure outlined in section 4.2.2 effectively implements the 
existence criterion by checking for sticking, and evaluating the time at which slip 
begins. Such an algorithm assumes that the path of the trajectory is well defined 
from stick until slip. 

Trajectories described in this geometrical setting are unique in the forward sense. 
We have already pointed out that sticking trajectories are noninvertible. This could 
be interpreted as nonunique in backward time. 
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Figure 18: A modified horseshoe map includes condensation of the bent part into a 
line. This line is then reinjected into the map. The attractor has a portion of fractal 
dimension 1 + m2 interlaced with a portion of dimension one. 


5.6. Nonuniform Dimension and Topology 


We know that stick-slip can lead to collapse in the dimension of phase space*?®®, 
However, once the dimension has collapsed, can the attracting dynamics reestablish 
the higher dimensional character? 

Suppose we were to have nonlinearities in addition to the friction, and the map- 
pings P+ and P~ were to correspond to nonlinear flows. Imagine that the mapping 
of © were to stretch and fold onto 6 like a horseshoe, with some parts overhanging 
into R. A schematic is a modified Smale horseshoe map*? shown in Figure 18. The 
part of the image normally lost from the square and thereafter ignored is instead 
compressed to a line, as in the sticking region, and reinjected into the map. We 
still have the fractal invariant set A of dimension d, of the Smale horseshoe, in 
addition to a set of dimension d, corresponding to iterations of the map of the 
compressed reinjected lines. All orbits will end up on one of these two sets. Infinite 
iterations of the reinjected line will also produce a set of dimension d, and a set of 
dimension d,. Thus, if an orbit passes through the squashed line, it passes through 
a one-dimensional object. With further iterations, it may approach an object of 
dimension d,. The composite attractor contains components of dimension one in- 
terlaced with a component of dimension d,. The two components have different 
dimension and topology. 

Conceivably, such events might take place in a flow if the dynamical system were 
to have a sticking region, and a horseshoe which leaves portions of its image in the 
sticking region. In attempting to cook up such an example, we modify the Duffing 
equation, which has horseshoes, by adding a localized dry-friction damper. The 
hope is that this example produces a flow a fractal set due to the stretching and 
folding of the horseshoe, in conjunction with a non-fractal set due to the smashing 


2. The Nonlinear Dynamics of Oscillators with... 69 


that takes place in the sticking region. 
Figure 19 shows a Poincaré map of a two-well oscillator with an applied dry 
damper. The equation for this oscillator is 


#+.1¢—2+4+ 2° + F(z,2) = Acos2.1t, (17) 


where F(a,<) represents the friction force, and A = 1.2. The friction function 
emulates a damper located roughly in the range z € [—0.25,0.25] by the function 
F(z,«) = (ae) f(x), where 


n(e) = 5 (tanh (50( = 2) — tanh(50(2 + 2) 


and f(#) is defined as in equation (2). Physically, in this system, motions can 
momentarily stick in the damper and experience condensation, or they can oscillate 
freely near either well, or pass between wells without sticking, and undergo folding 
as in the Duffing system. The Poincaré section appears to have regions where the 
dimension is one, off which branch segments of higher dimension. Since iterations 
of a one-dimensional region are mixed with the higher-dimensional portion, it is 
difficult to separate regions and calculate correlation dimensions. For a Duffing 
oscillator with a damper approximated by a continuous friction law, and A = 1.1, 
we were able to obtain the correlation dimension on portions of its Poincaré map. A 
calculation on a selected set of points from its Poincaré section yields the correlation 
dimension on a region of the section. We calculated a correlation dimension of 0.98 
on the central region which looks like a heavy, crisp line, and a correlation dimension 
of 1.3 on the right and left lower lobes of the section. 

Because of the Coulomb damper, true sticking motion takes place, accompanied 
with condensation of orbits. The low-dimensional portion of its Poincaré section 
in Figure 19 is presumably not Cantored, with a capacity of one. In such case, an 
orbit passes through portions of the attractor with varying dimension and varying 
topology (Cantored and not Cantored). Neighborhoods of an orbit experience an 
evolution in the topology of the surrounding attractor. 

This is preliminary, and a more careful quantification of nonuniform topologies 
in the attractor is currently under consideration. 


5.7. Convergence of Limit Sets 


This section has emphasized the matching of piecewise flows from a geometric 
viewpoint. Another possible route for studying nonsmooth systems might be in 
examining smooth systems which become nonsmooth in some limit*?. 1 

If we integrate equation (17) with a smooth friction function, e.g. f(@) = 
tanh(az), with a = 50, the Poincaré section (Figure 20) looks strikingly similar 
to that of the discontinuous vector field. We suspect the same trend would take 
place based for Coulomb and smooth models of the mass-spring system based on 
results from section 4. 
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Duffing with Coulomb damper 
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Figure 19: A Poincaré section taken as a slice in time of a Duffing oscillator with 


friction applied when —.25 < x < .25. The coefficient of friction is represented by the 
Coulomb law with ps = pg. 
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Duffing with smooth damper 
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Figure 20: A Poincaré section taken as a slice in time of a Duffing oscillator with 
friction applied when —.25 < x < .25. The friction is modeled by tanh(50z). 


The smooth damper does not produce true sticking motion, since the lack of a 
multivalued discontinuity does not produce sticking regions. There is no conden- 
sation (smashing is not complete) when the motion is “almost sticking.” Thus, the 
low-dimensional portion of the Poincaré section of Figure 20 is actually a Cantored 
set of dimension slightly greater than one. 

We would expect that as the parameter a increases, and the smooth friction 
function f better approximates the discontinuity, that the attractors in Figures 19 
and 20 would become more similar. This leads us to consider sequences of vector 
fields, 

x= g(x, t), 
where g”(x,t) — g(x,¢) in some way as n — oo. It seems that for certain convergent 
sequences of vector fields, the sequence of w-limit sets converges. (It is important to 
look for the convergence of w-limit sets, and not the convergence of solutions. If the 
limiting w-limit set has a strange attractor, then two orbits which are not identical 
will generally separate because of a positive Lyapunov exponent.) 

If the w-limit sets of the sequence of vector fields converge, the result may not 
represent the w-limit set of the vector field 


x == 19(x. 0), 


using a usual idea of convergence. In fact, if g(x, t) is not Lipschitz, it could be that 
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no solution exists over the region of x to be considered. 

In the Duffing oscillator with an applied dry damper, we can approximate the 
Coulomb law f(z) with f(z) = tanh(az), and obtain good numerical results. Simi- 
larly, using f («) in equation (1) also yields good numerical results, as did the smooth 
law used in section 4.3. As a > oo, the function f(z) converges to 


Oe ee, 


f(x) =0, z= 0, 
fH] —1, <0; 


in the sense that f(0) = 0 for any y, and for any small ¢, there is an a such that 
lf(y) — F(y)| < €. But if we replace f(z) with f(z) (which is equal to sign(z)) in 
equation (1), we lose the existence of a solution in the sticking region, as discussed 
in section 5.1.1. Thus, we have an example in which the the limiting behavior of 
a sequence of vector fields is not the same as the behavior of the limiting vector 
field. The behaviors of the sequence of smooth vector fields, corresponding to a 
sequence of increasing a values, (seem to) approach the behavior of a multivalued 
vector field, which, in the usual sense, is not the limiting vector field. 


5.8. Summary 


This section presented a geometric way of describing the dynamics of a discontin- 
uous, multivalued Coulomb oscillator. The technique is a three-dimensional exten- 
sion of that previously employed in classical texts on two-dimensional autonomous 
systems. 

The analysis reconstructs an attractor similar to that seen in numerical inte- 
grations. During the reconstruction, it was shown that infinitely strong contraction 
takes place during sticking motion. Because of this condensation, a one-dimensional 
map can describe the long-term dynamics exactly. This is unlike the usual case in 
which a one-dimensional map is an approximation which exploits a strong stable 
foliation. 

Some other properties of the behavior which result from the discontinuous and 
multivalued nature the vector field (the same mechanism which gives rise to stick- 
slip motion) are 


e the flow may not be invertible 
e the flow may reach the attractor in finite time 
e strange attractors may have dimension less than or equal to two 


While there may be some debate over whether discontinuities really exist in 
physical systems, certainly near discontinuities exist, and to the resolution of mea- 
surements, they may be indistinguishable from actual discontinuities. 
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It seems that oscillators undergoing stick-slip have the potential for having 
strange attractors with nonuniform topology, in the sense that a trajectory’s neigh- 
borhood in an attractor might vary in its topology while the orbit flows. The case 
examined briefly here suggested that the orbit could traverse through an attractor 
which is locally Cantored in some regions, but not in others. 

While the geometric perspective on matching piecewise-smooth flows was em- 
phasized, it is also conceivable that one might examine nonsmooth systems as a 
limit of a sequence of smooth systems. Visual evidence suggests that the sequence 
of limit sets of smooth systems can converge to the limit set of a nonsmooth sys- 
tem. However, the vector field itself might converge to a subtly different nonsmooth 
vector field. Issues such as existence might be heeded. 


6. Symbol Dynamics 


Chaotic motion in maps can be characterized by symbol sequences. Since stick- 
slip motion can reduce a 3-D flow to a 1-D map, it may be worthwhile to consider 
symbol dynamics. Stick-slip motion provides a natural basis for producing symbol 
sequences during the motion, where, for example, S represents motion which is 
sticking, and N represents motion which is not sticking (slipping). The resulting 
symbol sequence can be used to characterize the dynamics. In this section, we 
apply symbol dynamics to characterize chaos using binary autocorrelation functions 
and macroscopic Lyapunov exponents**. We continue the study by comparing the 
bifurcation sequence, and its associated symbol sequences, of the Coulomb oscillator, 
with the “universal” bifurcation sequence of “standard” one-dimensional maps®® 
Universal behavior refers to behavior that is consistant for all parameter ranges in 
a given class of systems’. 


6.1. The Binary Autocorrelation and Macroscopic Lyapunov Exponent 


Singh and Joseph* have proposed a technique for extracting quantitative in- 
formation from a binary symbol sequence. First it is necessary to represent the 
symbol sequence u(k) as a string of 1’s and —1’s. These values are chosen so that 
the expected mean of a random sequence of equally likely symbols is zero. As the 
trajectory passes through the Poincaré section for the kth time, if it is not sticking, 
we set u(k) = 1. If it is sticking, we set u(k) = —1. A binary autocorrelation 
function on such a symbol sequence is defined as 


N 
pa (k+n)u 


for n = 0,1,2,..., and N >> n. If the sequence is chaotic, the autorcorrelation 
should have the property r(n) — 0 as n > oo. 

If the sequence becomes uncorrelated, an estimate of the largest Lyapunov ex- 
ponent can be obtained by using the binary autocorrelation function. The largest 
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Lyapunov exponent can be defined as 


Liet d(n) 
De W 2 1082 d,(n — 1)’ (18) 


where d,(n — 1) is the difference between two nearby trajectories at the (n — 1)th 
iterate, and d(n) is the distance between them after one iteration. Since the binary 
sequency is uncorrelated, we can estimate d,(n—1) as the expected distance d,(n—1) 
between two randomly chosen points in the same symbol region. In our example, we 
measure the distance using coordinate s on the Poincaré plot. Two points chosen 
from the sticking region have an expected distance d,(n — 1) = 1/3. Two points 
from the nonsticking region have the same expected distance. If u(n — 1) and u(n) 
are in the same region, their iterates will either stay in that region, be in different 
regions, or both be in the other region. One defines 


d(n) 
a = log, AGA 
where d(n) is the expected distance between two points when each is chosen from 
separate regions. For our problem, again using s to measure distances, d(n) = 1 and 
a = log, 3. Replacing d,(n — 1) and d(n) in equation (18) with their expected values 
defines the macroscopic Lyapunov exponent, m. The exponent is dubbed macro- 
scopic because the distances involved are not infinitesimal. Through the derivation 
of Singh and Joseph™, the macroscopic Lyapunov exponent can be written in terms 
of the binary autocorrelation function: 


) aleud rte cba, 
2 

Application of these ideas to a symbol sequence derived from the tent map yields 
a rapidly decaying autocorrelation and a Lyapunov exponent \; = 0.787516 for a 
string of 100000 symbols, and an exponent of \; = 0.787705 for a string of 2048 
symbols. Its exact “microscopic” exponent, calculated using log), is \re = 1. While 
the tent map has uniform stretching in the sense that the slope has a magnitude of 
two for all x € [0,5)U(5, 1], the difference between the microscopic and macroscopic 
values comes from the fact that the global behavior of the map includes folding. 
Application to the logistic map yields a rapidly decaying binary autocorrelation 
function, and a macroscopic Lyapunov exponent of \; = 0.791578 for a sequence 
of 100000 symbols, and 4; = 0.791116 for 2048 symbols, compared to an exact 
microscopic exponent of \;, = 1. 

Binary sequences of length 2048 were obtained from the experimental oscillator 
of section 3 and from a numerical simulation using the smooth friction law of sec- 
tion 4.3. The macroscopic Lyapunov exponent for the experimental oscillator was 
calculated to be \erp = 0.79055. That of the smooth-law simulation was computed 
as \,, = 0.79219. In section 4.3, the largest microscopic Lyapunov exponent for 
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the smooth-law flow was estimated numerically**. It can be related to that of the 
Poincaré map via A siow = A/T, where T is the driving period. This calculation of the 
exponent for the Poincaré map from the equations of motion produced A,2 = 0.77. 

The actual computation of the macroscopic Lyapunov exponent can be carried 
out for symbol sequences from either a deterministic or random source. Thus, it 
could not be used to distinguish chaos from noise. However, using symbol dynamics 
thusly can lead to an estimate of the order of magnitude of the largest Lyapunov 
exponent. In the case of the friction oscillator, such a calculation can be based 
on data concerning stick and slip. Such ‘yes’ and ‘no’ data could conceivably be 
obtained, for example, by microphone. 


6.2. The Bifurcation Sequence and Universality 


One-dimensional maps of a “standard” form undergo a “universal” bifurcation 
sequence when the bifurcation parameter is varied. However, the map arising from 
the Coulomb model does not have “standard” form. Nonetheless, in this section 
the bifurcation sequence of the Coulomb model is compared to that of the stan- 
dard one-dimensional maps to see if it exhibits “universal” behavior. All observed 
components of the bifurcation sequence fit the universal sequence, although some 
universal events are not witnessed. 

From a mathematical viewpoint, universal behavior of standard maps has been 
studied in detail. Thus, if a dynamical system exhibits universal behavior, then 
much is already known about the system. In terms of system identification, exam- 
ining whether behavior is universal might give a clue as to whether the unknown 
system fits a standard class of systems. On the other hand, for parametric system 
identification, where differences in behavior with respect to system parameters is of 
importance, interest might be focused on nonuniform behavior. 


6.2.1. Bifurcations of one-dimensional maps 
One-dimensional maps of the type 
Inti = AG(In); (19) 


where the function g(x) satisfies certain assumptions, have been studied exten- 
sively956.57,58:10. When considering universal sequences of periodic orbits, the critical 
assumptions are that 


1. g(0) = g(1) =9, 
2. g(x) is smooth with a unique maximum at zo, and A > 0, and 


3. g(x) has a negative Schwartzian derivative for x € [0,1] — {zo}, 
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where the Schwartzian derivative for a function g(z) is defined as 
g(x) _ 3(g2y" 

g(t) 2\g"(x)7 © 

For discussions on metric universality, ie. Feigenbaum numbers, we can relax the 

above assumptions, and only assume g"(z9) < 0. 

The dynamics of maps which satisfy assumptions 1-3 undergo a universal se- 
quence of bifurcations, where the bifurcation parameter is A. For \ = 1 sufficiently 
small, such that = \19(Z), and |\i9'(Z)| < 1, Z is a stable periodic point of Ag(z). 
As A increases, a periodic cycle remains until \ = A2, at which the periodic point 
loses stability and a stable periodic cycle of period two is born. A stable cycle of 
period two exists until } = 4, where the period two loses stability and a period 
four is born. This period-doubling sequence continues, producing stable periodic 
cycles of period 2”,n — 00, as \ approaches a limiting value 4... Given any \ such 
that A. < A < »., there exists an infinite number of unstable periodic cycles and 
a stable cycle of period n. The stable cycle undergoes a similar period-doubling 
sequence as above, to a limiting value of \,,,,. Typically, on a bifurcation diagram, 
windows of relatively low period n are identifiable to the eye. 

The bifurcation sequence of the map (19) exhibits universal behavior, that is 
behavior common to any function g(x) which satisfies the assumptions stated above. 
As the bifurcation parameter increases, there will be a bifurcation sequence of stable 
periodic orbits. From this sequence, we could construct a sequence of the period 
lengths of these stable cycles. It is a universal property that this sequence of period 
lengths is the same for all such maps. For each stable periodic cycle, there exists a 
parameter value A such that one point po of the periodic sequence lies at zo. The 
value of a periodic point po(A) is continuous in 4, and there is a region (A—6,, \+62), 
for some 6, > 0,62 > 0, such that the periodic cycle remains stable, and po stays 
near Xo°’. 

A symbol sequence for the periodic cycle can be defined by whether the 2** iterate 
in the cycle is to the right of zo (R) or to the left of zg (L). Since po is arbitrarily 
close to x9, we assign the symbol C to po. For a cycle of period m, the remaining 
m — | iterates of po are assigned the symbols R and L. For example, if the periodic 
cycle had a period of five, the symbol sequence might be CRLLL, pertaining to 
iterates of the point located very near zo. The convention in the literature®”58 is to 
drop the symbol C. Therefore, a symbol sequence for a periodic cycle of period m 
is defined as the symbols of the m — 1 iterates of po. In our example, the period-five 
symbol sequence is defined by the four symbols RLLL. A second universal property 
is that the symbol sequenceg of each of these stable periodic orbits is the same for 
all such maps. 

Metric universality exists for maps which merely satisfy g"(xo) < 0. In this case, 
the period-doubling sequence occurs according to Feigenbaum’s ratio®®®, If \, is 
the parameter value for a cycle of period m2", then Feigenbaum’s ratio is 








D.g(z) = 


: Ant1 al Ne 
6 = lim ——__ = 4.6692.... 
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6.2.2. The one-dimensional map underlying the Coulomb-friction oscillator 


In section 4.2.3, we saw how a one-dimensional map arised from a return map on 
a variable s defined on the Poincaré image of the oscillator with Coulomb friction. 
Let us call this one-dimensional map F’‘(s). 

We also saw, in section 5.1.1, how sticking regions can be described by observing 
the directions of the piecewise continuous vector fields at the discontinuity D, de- 
fined in the state space by z = 0. When both vector fields agree to flow through D, 
the flow may pass through the discontinuity. When both vector fields point toward 
D, there is a stable sticking region R. Flows are trapped in R until time evolves 
such that the orbits are on either of the boundaries, B+ or B™, of the sticking region 
R. A map describing this action would be S$: R > Bt UB-. S is singular since it 
takes a two-dimensional region R and maps it into a finite union of curves. 

For the parameter case studied (a = 1.9, = 1.5, and k = 1.5), the entire two- 
dimensional region © collapses into a one-dimensional curve. This geometrically 
illustrates the singularity which produces the one-dimensional map Fs). The sin- 
gularity is in the mapping S in the sticking region. All motions pass through the 
sticking region. 

When all motions pass through R, knowledge of the mappings of the boundaries 
Bt and B°™ is sufficient to understand the attracting set. 

An analytical expression for F'(s) would consist of three components. One com- 
ponent would involve orbits passing through the boundary B~ and their intersection 
with the plane D, represented by P~(B7). Finding y = P~ (x) requires the solution 
of transcendental equations. The mapping P~(B7) lies partly in R and partly in 
®. Thus, the second component of the analytical expression of the one-dimensional 
map would be a logical operation. The third component would then be to either 
solve for the time at which trajectories in R leave the sticking region at B+ or B-, 
or else to solve the transcendental equation representing those orbits which map to 
DiiasPt. 

In short, the analytical description of F(s) is compounded with transcendental 
equations and logical operations. Because of this complexity, we do not produce such 
an analytical expression, and our work is done largely from a geometric standpoint. 

The map F(s) (Figure 9) may not satisfy all the assumptions in the above 
discussions. Perhaps most importantly, F(s) does not fit the form of equation (19). 
Varying a in equation (1) actually alters the resulting shape function g as well as 
the magnitude \. This is because the orientations of the sticking-region boundaries 
(section 5) are dependent on a. 

The “instantaneous” shape function g satisfies the first assumption (if the co- 
ordinate s is rescaled), but not necessarily the second (taking “smoothness” in the 
context of the Schwartzian derivative, i.e. up to three derivatives) and third. 

Although the map F(s) (and hence g) cannot be determined explicitly, implicit 
relationships make it possible to calculate derivatives. This is precisely what Shaw 
did when calculating stabilities of periodic motions in a similar oscillator*. To this 
end, we refer to Figure 16. As an orbit goes through the one-dimensional map, it 
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can undergo one of three series of compositions. 

Case 1. Imagine an initial point, (zo,t), in region Aj, as it evolves until time 
to at the boundary S(A;) of the sticking region. Note that zo and to are directly 
related. The corresponding flow goes through negative velocity and returns to the 
sticking region at time t,, in the region P~(S(Aj)), which can be determined by 
solving the transcendental equation £7 (t,; to) = 0, where x7 (t,; to) represents to the 
x component of the flow corresponding to P~, and is the solution to equation (11). If 
we # 0, then t; is implicitly a function of to, i.e. t; = p(to). Finally, 21 = 27 (t1; to) 
completes the one-dimensional mapping. 

Case 2. Trajectories in Figure 16 based at some point (21, t1) in region A2 leave 
the sticking region at time tz in region B, = S(A2). Flowing with positive velocity, 
the orbit returns to the sticking region at time t3, in region P*+(B,), at a value of 
£2, which can be determined from the transcendental equation z+(t3; t2) = 0, where 
a*(t;t2) represents the x component of the flow corresponding to P+, and is the 
solution to equation (10). This stuck trajectory leaves the sticking region on the 
boundary S(A;), and flows through negative velocity back to the sticking region 
in P~(S(A,)), completing the mapping at a point z3 and time t4, which can be 
determined by the transendental equation z~ (t4;t3) = 0. Then, 73 = x7 (ta; t3). 

Case 3. Some motions can be based at a point (z1,t,) in region A3. Here, the 
point (x1,t,) lies in the slipping region, and continues to flow in the same manner 
as (2,t3) does in the case above. The sticking phase between times t, and t2 does 
not occur. 

Orbits based in region A3 can involve complications due to the condition of 
n(x) = 0 for values of x < —1/k. 

These possibilities constitute the 1-D mapping, F(s), for this oscillator. The 
function Fs) is not expressable in closed form. However we can, in most instances, 
calculate the derivatives of F(s), and examine the Schwartzian derivative. For 
example, in Case 1., the map starts at ro. We can calculate tg = arccos(z9(1 — 
k))/Q = a(xo). Then, ti = p(to), as an implicit function, and the next iterate of the 
map is 2} = x (t1;to). Dependence on the initial condition zo is expressed through 
to. The derivative of the implicit map F : r9 > 2 is 


» _ O27 dp Osmes 20 
ou Oty dto e Oto dz’ ( ) 


" veer er . : 
where a = aoe ne F" can be regarded as a function of t,,t9, and zo. In this 


description, subsequent derivatives have the form 


Pt) — OF) dp a OES da. are) 
Ot; dto Oto dzxo Oxo 
The first derivative of F for Case 2. is 
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where r(x1) = arccos(x;(1 + k))/Q. 

If we consider the transition between mapping as in Case 1., and mapping as 
in Case 2., we will look at the orbits which pass through the intermediate points 
(x2,t2), with z2 = 1/(1 +k) and tz = 2x/Q. This orbit could be classified as 
either Case 1 or 2, depending on whether, by definition, the action of r(z2), and 
zt(t3;t2) takes place. We can numerically compute the derivatives to show that 
the Schwarzian derivative is not smooth at this transition. Thus, the 1-D map will 
not satisfy “standard” hypotheses, and we need not expect to observe a universal 
bifurcation sequence. 

We can also see that the maximum of F(s) is smooth, at least for some values 
of a. This is relevent to discussions on metric universality (Feigenbaum’s number). 
Visual evidence is in Figure 9. 

To discuss the maximum of Fs), we must first locate it. To this end, we look at 
the image Pt(B,) in Figure 16. Close inspection indicates that this image has a local 
minimum in x at z = z for some value of t, (t, ¥ 5.5 in the figure). Additionally, for 
the given parameters, this point z denotes the minimum value of s in some Poincaré 
sections. In the Poincaré section at t = 6.5, for example, defining a coordinate $ 
such that 0 < § < 1 and § = 1 at z shows that the point (z,t = 6.5) € D corresponds 
to the maximum value of §. In a Poincaré section at t = t,, the point (z,t,) € D 
represents So, locating the local maximum in the underlying map. 

Since a small neighborhood V € B, of the orbit passing through this critical 
point is governed solely by a function P*+(V) which maps a curve monotonely in- 
creasing in z to a curve with a smooth minimum in z (at x = z), the point so 
represents a smooth maximum in the underlying map. 

We should point out that if P+(B,) were to lack a local maximum in z, then the 
point so would correspond to sticking orbits passing through the local maximum 
of the curve Bt (Figure 15), and thus so would represent a boundary between two 
functions active in the one-dimensional map (involving P+ and P~). In general, 
such a map would not have a smooth maximum. Whether this occurs for all values 
of a is not known. 


6.2.3. Bifurcation analysis for the Coulomb oscillator 


Since the equation of motion has a discontinuity at « = 0, the plane in (z, g, t)- 
space defined by « = 0 is a natural place to make a Poincaré section. In this 
Poincaré section we plot z for the bifurcation diagram shown in Figure 21. The 
bifurcation diagram includes trajectories which bounce off the underside (z < 0) of 
the (x,t) plane. (Some trajectories meet the (x,t) plane from below, stick, and then 
return below the plane. This corresponds, for example, to motion near the outer 
edge of the attractor in Figure 8.) 

The method used to compare the bifurcation sequence in the Coulomb friction 
model to the standard one-dimensional maps is as follows: We compute and plot 
a bifurcation diagram, which has periodic windows. We identify periodic orbits 
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Figure 21: A bifurcation diagram shows period doubling to be the route to chaos. 
The bifurcation parameter, the driving amplitude a, is increasing in this plot. 
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visible to a parameter increment Aa of Aa = 0.0005. In doing so, we look for stable 
periodic orbits of period less than eight. The infinitely many higher periods are 
difficult to find because the ranges of a on which they exist are narrow. We com- 
pare the sequence of period lengths of stable periodic cycles found in the Coulomb 
oscillator with the universal sequence of stable periodic cycles. If a period five, say, 
appears in the bifurcation diagram for a parameter value a = G, then we observe 
the Poincaré section (from a slice in time) of the motion with the parameter set to 
a. In the Poincaré section the orbit will consist of five points. From this Poincaré 
section, we can determine the symbol sequence of the periodic points in terms of the 
sticking and slipping regions. We assign the symbol S to points which are sticking, 
and the symbol N to points which are not sticking (slipping). We also compare 
the symbol sequence of the stable periodic cycles found in the Coulomb oscillator 
with the universal symbol sequences of stable periodic cycles. Finally, we estimate 
Feigenbaum numbers from the Coulomb oscillator data. 

This sequence of N’s and S’s will be analogous to the symbol sequence for the 
associated map, and can be translated into a sequence of R’s and L’s, respectively. 
This translation is exact when the Poincaré section is taken at t(mod 2) correspond- 
ing to t,. This is because the maximum of the underlying map occurs at the critical 
point so corresponding to z, which is the local minimum (in 2) of curve Pt(B;). 
At a phase corresponding to t,, this point cleanly separates sticking motions from 
slipping motions, as well as left from right. 

However, when t # t,, some other value of s # so separates points that are 
sticking from points that are slipping. As an extreme case, when t = 6.5 in Figure 16, 
all points are in the sticking region (a symbol sequence would trivially consist only 
of S’s). In the neighborhood of t,, the approximation of the N’s and S’s as R’s and 
L’s is reasonable due to the smoothness of the curve P+(B,). Deviation of the N’s 
and S’s from the R’s and L’s represents an error in observation of behavior, rather 
than an effect on universality. Our Poincaré section was taken at t(mod 2) ~ 0.625. 
Based on Figure 16 viewed at t ~ 5.6, error in the symbol dynamics should be small. 


6.2.4. Results 


A comparison of the sequence of periodic orbits, and their symbol sequences, for 
the friction oscillator and the logistic map is in Table 1. For the logistic map, tr41 = 
\g(tn) with g(x) = 2(1 — 2). The values for the logistic map were obtained®”** for 
periodic orbits of period seven or less. Two higher-period events were added since 
they were incidentally found in the friction oscillator. 

The bifurcation sequence of a Coulomb friction oscillator, in some sense, re- 
sembles the universal sequence of standard one-dimensional maps. The observed 
periodic orbits, their period lengths and symbol sequences, of the Coulomb friction 
oscillator lie in the sequence of the standard maps, although several events remain 
undetected. In other words, every event in the oscillator is also in the universal 
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Table 1: The observed sequence of period length of stable periodic cycles in the 
Coulomb oscillator, and their symbol sequences, are compared to the sequence of 
stable periodic cycles in the logistic map. Each cycle listed is the first of an infinite 
period-doubling sequence, except those marked with a *, which arise from the previ- 
ous cycle via period doubling. For the Coulomb oscillator, S indicates points which 
are sticking, and N indicates points which are not sticking. The symbol e represents 
a point which was so close to the boundary between N and S that it was not distin- 
guishable. Each periodic cycle has one point which is very close to this boundary. We 
label such points with the symbol C. The listed symbol sequence of a cycle of period 
m consists of the m — 1 iterates of the point labeled C. Only cycles up to period 
seven are included in the table. Some of these cycles in the Coulomb oscillator were 
not found. Incidents of a period eight and a period ten were accidentally found and 
included. 

Osc. Egs. (1)-(3) Log. Map Zpq1 = Az(1 — 2) 


Period Symbol Seq. a Period Symbol Seq. A 


N 1.36 
NSN 1.38 
NSNNNSN 1.3925 
NSNNNSNSN 1.4064 
NSNNN 1.415 
NSNNNN 1.45415 
NSNN 1.4737 
NSNNSN 1.4909 
NS 1.535 
NSeNS 1.551 





i) 


R 3.2360680 
RLR 3.4985617 
RLRRRLR not listed 
RLRRRLRLR not listed 
RLRRR 3.6275575 
RLRRRR 3.7017692 
RLRR 3.7389149 
RLRRLR 3.7742142 
RL 3.8318741 
RLLRL 3.8445688 
RLLRLR 3.8860459 
RLLR 3.9057065 
RLLRRR 3.9221934 
RLLRR 3.9375364 
RLLRRL 3.9510322 
RLL 3.9602701 
RLLLRL 3.9689769 
RLLLR 3.9777664 
RLLLRR 3.9847476 
RLLL 3.9902670 
RLLLLR 3.9945378 
RLLLL 3.9975831 
RLLLLL 3.9993971 
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sequence of events (but not vice versa), and the order of events in the oscillator 
does not contradict the order‘in the universal sequence. Furthermore, the sym- 
bol sequences associated with each observed periodic cycle in the Coulomb friction 
oscillator is the same as in the corresponding periodic cycle in the standard one- 
dimensional maps. 

There are two possible explanations for the fact that some bifurcation events 
were not detected. One possibility is that these events took place on a parameter 
window smaller than the resolution at which we chose to search. The other possi- 
bility is that the bifurcation sequence of the oscillator in fact may not match the 
universal sequence of the standard maps. Such deviation could occur since the map 
which arises from the Coulomb oscillator does not satisfy all of the assumptions re- 
quired for universal behavior in the standard maps. Thus, it is possible that we are 
observing a nonuniversal bifurcation sequence in the Coulomb oscillator. Coffman 
et al.°? previously observed nonuniversal behaviour in nonstandard one-dimensional 
maps. In that study, the nonuniversal events also occured in the universal sequence, 
but not according to the universal order. 

In the investigation of metric universality, the parameter values in the initial 
period-doubling sequence were measured to be compared with Feigenbaum’s ratio. 
We measured the parameter value a2 at the first period-doubling bifurcation, and 
a4, dg, and ag at the subsequent bifurcations. We then compared 


a4— a2 
n= ———— 
ag — a4 
and 
ag — a4 
ro = ————— 
ai6 — ag 


to Feigenbaum’s ratio of 4.669---. The estimates are r; = 4.70 + 0.25 and rz = 
4.67 + 0.65. In the estimates, the parameter increment was smaller than that of the 
rest of this investigation. The uncertainty is in the numerical integration. Within 
the scope of the error, it would not be unusual for the ratio to converge nonuniformly. 
Higher bifurcations involve smaller window sizes, leading to larger errors in the 
calculations of the r;. 


6.3. Summary 


Symbol dynamics has been used to characterize the dynamics of the Coulomb 
friction oscillator through binary autocorrelations, macroscopic Lyapunov expo- 
nents, and bifurcation sequences. 

Variation of a parameter in the continuous-time oscillator does not necessarily 
correspond to variation of a single parameter in the underlying map. Because 
of this, and because of other considerations, such as the Schwartzian derivative, 
the map may not fit the description of the “standard” maps. Nonetheless, the 
bifurcation sequence of the oscillator has been compared to that of the standard 
one-dimensional maps. 
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The observed periodic orbits, their period lengths and symbol sequences, fit into 
the universal sequence. However, several universal events remain undetected. This 
may be because the necessary assumptions are not all met, and that the oscillator 
does indeed exhibit nonuniversal behavior. However, consideration must be given 
to the size of the increment in the bifurcation parameter, Aa. If a periodic window 
is smaller than Aa, the window may not be observed. Therefore, a statement 
regarding the nonexistence of a periodic window cannot be made, since Aa can 
always be made smaller. 


7. Stick-Slip and the Reconstruction of Phase Space 


When running experiments, it is not typically feasible to measure all of the ac- 
tive states in an experimental system. To compensate for this, there are methods 
for estimating the behavior of the full state space from a small number of mea- 
sured observables. In experimental observation, these methods involve phase-space 
reconstructions”>. The reconstruction of the full state space can be combined with 
other analytical ideas, such as fractal dimensions and Lyapunov exponents, singular 
systems analysis, and false nearest neighbors, for the purposes of nonlinear predic- 
tion, modeling, or simply to estimate bounds on the size of the system®*!. However, 
the methods for reconstructing phase space have been developed for smooth sys- 
tems. 

The phase space reconstruction, is usually done by the method of delays (de- 
scribed below). Stick-slip, however, can cause the method of delays to fail! For 
example, stick-slip can lead to a singularity when mapping the observed time his- 
tory into a higher dimensional space®. This is not surprising since stick-slip is a 
nonsmooth phenomenon, and the validity of the method of delays has been proven 
only for smooth phenomena. (Takens’ embedding theorem®”* states that, if basic 
hypotheses are satisfied, the method of delays of an observable produces an trajec- 
tory in the reconstructed phase space which is diffeomorphic to the trajectory in 
the real phase space. A stick-slip system does not have the smoothness required for 
Takens’ embedding theorem.) 

This failure can be visualized by imagining a discretized stick-slip history with 
sampled displacements z,. Suppose, for example, we were to reconstruct the phase 
space in three dimensions. According to the method of delays, we build vec- 
tors (In, 2n+k,Tn42k). However, during a sticking interval, it is possible that the 
points fp = Intk = Intok = Lotick, and that the two points (tp, Tn4x,Tn42K) and 
(Tn415€n4ithk) Un4142k), for example, might both be the same point as (xstick, Lsticks 
Lstick)- Thus, when we plot the reconstructed vectors, many of them pile up on 
the identity line. (If k were large, however, rn, 2n4%, and Ip42% could span a time 
interval greater than the sticking time, and this problem is avoided. However if 
k is too large, the delayed coordinate may become statistically independent of the 
reference coordinate.) 

In such case, the reconstructed phase space is fundamentally different than the 
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real phase space. The map which takes the real phase-space manifold M, into the 
reconstructed manifold M, is not invertible, and thus not a diffeomorphism. The 
dimensionality study fails. Furthermore, this kind of study is often performed on 
systems for which the model is unknown. If a nonsmooth event such as stick-slip 
occurs without notice, poor results may be unsuspiciously obtained. This translates 
to inaccurate models and poor characterizations and predictions. For example, 
correlation integrals did not produce the expected straight-line characteristic in log- 
log plots versus the box size for the system upon which this chapter focuses. Popp 
and Stelter have also observed this in the friction-induced chaos of a belt-driven 
disk!”. 

There are two problems to address here. First, we would like to detect when a 
reconstruction problem of this nature occurs in a “black-box” experiment. Next, 
when there is a reconstruction problem, we need to make adjustments to relieve it, 
so that the rest of the dimensionality study may continue. 

An example of this problem is illustrated in a numerical study of equation (1) 
with equations (2) and (3). The result of using the observable z is used to recon- 
struct the phase space by the method of delays is shown in Figure 22. The region 
of phase space trajectories between curves AB and CD are sticking. All of these 
points are collapsed onto the line segment EF (which is in fact on the identity), in 
the reconstructed phase space, during the action of the reconstruction. Thus, much 
information is lost. 

In this system, we can remedy the situation with a reconstruction based on two 
variables. If we choose x and t(mod 27/{) as the observables, and perform delays 
on z, the time variable serves to unfold these trajectory points which are otherwise 
collapsing onto the identity line. Thus no collapse occurs. A computation of false 
nearest neighbors® has a healthy characteristic for the latter case, but not the 
former (Figure 23). 

We can use a near-neighbors method to identify the collapsing problem. In the 
above examples, we saw how a stick-slip observable can collapse if the delay index 
k is not too large. Thus, as we increase the delay k, the number of incidences of 
collapse should decrease. A plot of the number of points whose nearest neighbors 
lie within some prescribed distance vs. k is shown in Figure 24. The expected 
result shows that the collapsing events occur for certain intervals of k centered 
around harmonics of the driving period of the system. This is indicated by the + 
symbols, where there are large numbers of near neighbors for intervals of k. Adding 
t(mod2m/w) as an additional observable removes this feature, as seen by the o 
symbols. 

We are seeking other tools for identifying this type of event, and will apply them 
to systems in which the stick-slip is not so visually obvious. The goal is to reveal 
signs of the event when it might not be recognized visually. For example, singular- 
ities in reconstructions are likely to effect redundancy computations as well, since 
they quantify the “sharpness of probability distributions” in the delay-coordinate 
space®™. Iterates of singular points in reconstruction spaces are nonunique. Thus, 
we expect redundancy analysis to diagnose singularity events in reconstructions. 
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Figure 22: An illustration of the collapse which effectively takes place during a phase 


space reconstruction. The sticking region between AB and CD collapses singularly 
into EF. 
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Varying normal load system: total number of data points=8000 
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Figure 23: The number of false nearest neighbors vs. the time delay and the embed- 
ding dimension for reconstructions with (a) displacement as the only observable, and 
(b) displacement and time t(mod 27/{) as the two observables. The plot in (a) does 
not converge since, as the embedding dimension increases, points are removed from 
the line of collapse, causing them to appear as false nearest neighbors. The plot in 
(b) has a healthy characteristic since the time observable unfolds the line of collapse 
in the reconstruction. It indicates that two or three delay coordinates are necessary 


to unfold the attractor. ; 
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Figure 24: The number of points whose nearest neighbors lie within a distance of 
¢ = 5e — 6 for different values of delay 7. When 7 is such that there is collapsing in 
the phase space reconstruction, we have many more near neighbors than otherwise 
The + symbols represent single-observable reconstructions. The o symbols indicate 
the number of points with e-near neighbors for reconstructions from two observables 


z and t(mod 27/w). 
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We have also observed that correlation sums do not scale uniformly with the size 
of the reference balls. Whether they produce a distinctive feature indicative of 
singularities in the reconstruction is also under investigation. 


8. Conclusion 


In this chapter, we have studied forced single-degree-of-freedom oscillations with 
stick-slip friction, mostly through a particular example. An important phenomenon 
of such oscillators it that stick-slip causes a collapse in phase-space. For a three- 
dimensional system, this leads to one-dimensional map dynamics. This aspect of 
the dynamics has been observed experimentally, and numerically with a Coulomb 
friction model. The phenomenon occurs approximately for smooth friction laws. 

The geometry of the flow was studied to show how the dimension collapses 
when phase flow interacts with sticking regions. With this geometric perspective, it 
can be seen how the flow is noninvertible. Attractors can be reached in finite time. 
Chaos can occur in a 2-D manifold. The dimensional collapse seems not to condemn 
the attractor to a lower-dimensional entity. Nonlinear piecewise-smooth flows can 
apparently stretch and fold a collapsed volume to an extent which reestablishes a 
higher-dimensional quality, resulting in a nonuniform topology for the attractor. 

Since oscillations with stick-slip can be represented by discrete maps. One- 
dimensional maps have been studied extensively. Symbol dynamics provides a use- 
ful tool. Stick and Slip are natural ways to define a symbol sequence. We have 
used symbol sequences for this oscillator to compute binary autocorrelations and 
estimate the order of magnitude of the maximum Lyapunov exponents. We have 
also examined the bifurcation sequence in terms of symbol dynamics. 

Finally, we discussed problems that stick-slip can pose for reconstructing phase 
space from a sampled observable. A remedy has been presented for the oscillator 
of focus. The long-range goal is to be able to identify a reconstruction problem 
in a “black box” nonsmooth system, and also to extend the current reconstruction 
techniques to accomodate the nonsmoothness. 

Stick-slip oscillators represent a class of mechanical systems. The ideas presented 
in this chapter should shed light on understanding the nonlinear dynamics of such 
systems. Hopefully, such understanding will facilitate research and development in 
areas including robotics, automotive squeak, rail-wheel dynamics, micromachines, 
and earthquake engineering. 
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ABSTRACT 


This chapter is concerned with the dynamical response of structures with supplemental fric- 
tion dampers in which resistance increases proportionally to deformation providing triangu- 
lar hysteresis loops when loaded cyclically. Although nonlinear, the force-deformation rela- 
tion of this damper is homogeneous of order one; i.e., if the deformation history is scaled, 
the damper force is scaled by the same factor. Potential applications of this damper are 
truss structures, tuned mass damper systems, and retrofit upgrade construction of buildings. 
The free-vibration response of single-degree-of-freedom and multi-degree-of-freedom struc- 
tures with friction dampers is studied. It is demonstrated that the period of oscillation and 
the decay ratio of these structures are independent of the vibration amplitude and that in 
certain cases, structures with this type of damper show mode shapes in free vibration. 
Linearization techniques are applied to estimate the response of multi-degree-of-freedom 
structures with dampers subjected to harmonic and broad-band excitation: the harmonic 
linearization method and a linearization based on a linear hysteretic element. Both lineariza- 
tions show excellent accuracy. Experimental data from laboratory model testing of the 
damper is presented and correlated with analytical predictions to validate the models pro- 
posed. 


1. Introduction 


1.1. Damping in earthquake-resistant design of structures 


Significant innovation has taken place during the last two decades in the field of 
earthquake engineering. Technologies such as base isolation, energy dissipation devices 
and active control systems have been implemented in new construction and in retrofit 
of existing building structures’*°. These vibration protection systems consist of 
mechanical devices such as isolators, dampers, or hydraulic actuators, which connected 
to a structural system enhance its dynamical performance. Isolation systems, for 
example, provide a structural system with a flexible interface such that when the struc- 
ture is subjected to seismic excitation, significant deformation occurs in the isolation 
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system and small deformation demands are imposed on the superstructure. As their 
denomination suggests, energy dissipating devices (EDDs) are mechanical dampers or 
shock absorbers that provide significant energy absorption under cyclic deformation 
and are designed to endure cyclic deformation without significant damage. When con- 
nected to a structural system, EDDs augment its damping. If appropriately provided, 
this increase in the energy dissipation capacity of the structure can yield reductions in 
the deformation demand on structural systems subjected to wind or earthquake excita- 
tion. 


A great variety of EDDs has been proposed and several materials have been used 
in those EDDs. These include ductile metals, viscoelastic polymers, viscous fluids, 
shape-memory alloys, and frictional materials. Dry friction, also referred to as 
Coulomb friction, is a widely used method for energy dissipation. Among the friction 
dissipators utilized in building structures we find brake lining pads introduced at the 
intersection of frame cross-braces™**>, friction dampers consisting of copper pads in 
contact with steel casing of the device!, and slotted bolted connections®!°. Friction is 
also utilized for energy dissipation in isolation systems*°. These friction dampers pro- 
vide rectangular hysteresis under cyclic deformation because the contact force between 
the frictional surfaces is approximately constant during operation of the damper and 
independent of the deformation of the device. This implies that the device is activated 
at constant force and no energy dissipation is achieved under low excitation levels. 


In a linear dissipating mechanism there is a quadratic dependency of the energy 
dissipated per cycle on the deformation amplitude and dissipation occurs at all excita- 
tion levels. This characteristic can be achieved using friction (a nonlinear mechanism) 
by combining friction dampers and nonlinear kinematic mechanisms!! or by the sliding 
of frictional surfaces with contact forces increasing linearly with deformation*. An 
example of a friction device using variable contact force is the ring spring?’ which 
comprises stacks of concentric inner and outer rings with interactive tapered surfaces 
which slide across each other. The work reported herein deals with the modeling and 
analysis of structures containing another device of this type known as the Energy Dis- 
sipating Restraint (EDR). Section 2 is devoted to the description of the mechanics of 
this damper; section 3 deals with the dynamical response of structures containing EDR 
dampers; section 4 presents linearization methods suitable for the analysis of structures 
with supplemental EDR dampers; section 5 is devoted to the validation of the proposed 
mathematical models using data obtained in laboratory experiments of a steel-frame 
model and a tuned mass damper subjected to simulated ground motion on a shake 
table; and section 6 presents the main conclusions of this work and suggests directions 
for further research. 


2. The Energy Dissipating Restraint 


The Energy Dissipating Restraint is a mechanical damper based on a friction 
mechanism in which the contact force between the friction surfaces of the device 
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increases linearly with the deformation of the device. Recently proposed by Richter 
et al.7 and studied by Nims et-al.” and Inaudi et al.'*!’, this passive device can be 
used to increase the energy dissipation in structures to reduce wind, earthquake, and 
man-induced vibrations. The EDR has been patented in the United States and other 
countries by Fluor Daniel, Inc.”°. 


Figure 1 shows an external view and a cross section of the EDR. The device con- 
sists of a steel cylinder, a steel shaft, bronze friction wedges, steel compression 
wedges, a helical spring, and internal stops. The deformation of the device A(t) is 
defined as the relative motion of the shaft with respect to the cylinder. The resistance 
of the device is provided by frictional forces that develop between the bronze frictional 
wedges and the internal cylinder wall. These frictional forces are functions of the fric- 
tion coefficient between bronze and steel and the normal force applied by the bronze 
friction wedges on the cylinder wall. This normal force is, in turn, a result of the 
compression force in the spring transmitted through the steel compression wedges to 
the friction wedges. The spring of the EDR can be pre-stressed in the undeformed 
configuration of the EDR (A= 0); the compression force in the spring in the unde- 
formed configuration will be called preload. 
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Figure 1. External and internal views of the Energy Dissipating Restraint. 
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The EDR can be configured to provide several hysteretic behaviors by changing 
the preload of the spring and the lengths of the tension and compression gaps (Fig. 1). 
When the preload of the spring is non-zero and the tension and compression gaps are 
larger than the deformation of the device, the device behaves like a conventional 
Coulomb friction damper because the compression force in the spring is constant and, 
hence, the normal force between the bronze wedges and the cylinder wall is constant, 
leading to a resistance force independent of the deformation amplitude and a rectangu- 
lar hysteresis loop under cyclic deformation (Fig. 2a). A different behavior is achieved 
when the spring is pre-stressed and the tension and compression gaps have zero length. 
In this case, the axial force in the spring varies proportionally to the deformation, lead- 
ing to flag-shaped hysteresis loops under cyclic loading (Fig. 2b). When the spring has 
no preload and the lengths of both compression and tension gaps are zero, the spring 
force increases proportionally to the deformation, leading to triangular hysteresis loops 
under cyclic deformation (Fig. 2c). Naturally, other combinations are possible. For 
example, Fig. 2d illustrates the hysteresis loops of the EDR configured with non-zero 
preload and non-zero lengths for the tension and compression gaps. In this case, the 
axial force in the spring is constant for deformations smaller than the gap length, but 
increases proportionally to the difference between the deformation and the gap length 
for deformations in tension or compression larger than the corresponding gap length. 
In this chapter, the configuration of the EDR providing triangular hysteresis loops in 
cyclic deformation (Fig. 2c) is studied. 
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Figure 2. Hysteresis loops of the EDR in four different configurations. 
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2.1. Mechanics of the EDR damper 


Consider a single friction wedge as shown in Fig. 3. The friction force Fy 
developed at the interface is 

Fy =) Fy (1) 

where wu is the coefficient of friction of bronze and steel, and Fy is the normal contact 

force between the bronze wedge and the steel cylinder. Fy can be related to the verti- 

cal components of the contact forces between the bronze friction wedges and the steel 


compression wedges which, in turn, are functions of the forces applied on the wedge 
in the longitudinal and radial directions, 


Fy =F ip + For =F i, cot O+ Fr, cot o (2) 


where cot a = l/tan a, @ is the angle of the tapered friction wedge, F,, is the axial 
load on right side of the wedge in the direction of motion, F, is the axial load on left 
side of the wedge in the direction of motion, Fj, is the radial load on the right side of 
the wedge, and Fp is the radial load on the left side of the wedge. Upon loading, i.e. 
when A A> 0, 


Fy, = Fy, ly (3) 
while upon unloading, i.e. when A A< 0, 


ead Sd eacat (4) 


! 
er ea ay meas F 


Figure 3. Forces acting on a friction wedge during damper operation. 
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Replacing Eqs. (1) and (2) into Eq. (3), we obtain 


1+ cot o 


AA>0 (5) 
eS conn 


Fo, =F i, 


for the loading condition; while from Eqs. (1) , (2) and (4) we obtain 


1—Ucot a 


AA<0 (6) 
1+ uUcot @ 


Mog =P 4 
for the unloading condition. In the case of a single wedge, F, is the force provided 
by the spring which in the case on no preload is 

Fe =K, A (7) 


where K, is the stiffness of the spring, and F,, is the resistance force f of the device. 
Therefore, for the device in loading we can write 


= K,A AA>0 8 
f l-pcota * 2 
while in unloading 
(fic CEE Grea AA<0 (9) 
LS conO ma 


Equations (8) and (9) define the force-deformation relation of the EDR for a single 
friction wedge. If N,, friction wedges are connected in tandem (see bottom figure in 
Fig. 3), it can be readily shown that 





v K, A(t) AA>0 (loading) 
f(t) =4 K, : 
ae A(t) AA<0O_ (unloading ) 
~ A(t) < f(t)<Sv K, AG)  A=0 (stick—friction regime) (10) 


Vv 


where f(t) represents the resistance force in the EDR, A(t) is the deformation of the 
damper, A(t) is the deformation rate, K, is the stiffness of the spring contained in the 
damper, and v (> 1) is a dimensionless parameter that depends on the number and 
geometry of the frictional wedges of the damper and the coefficient of friction between 
the frictional wedges and the internal cylinder wall of the damper 
I ae (UW COU 05 Ih (11) 
l1—pUcot a 

As shown in Eq. (10) and in Fig. 4, the EDR is a variable-stiffness device with load- 
ing stiffness v K,, and unloading stiffness K,/v. When A=0 and A¥ 0, the damper 
shows a stick-friction regime similar to that of a conventional Coulomb friction 
damper. This means that when A = 0, the device can withstand any load in the interval 
[K,A/v vK,A] without increase or decrease in its deformation. 


v= ( 
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Figure 4. Force-deformation relation for an EDR damper. 


In the EDR model defined in Eq. (10), the force is a homogeneous function of 
order one of the deformation because f [a A(t)] = a f [A(t)]. Figure 5 shows force his- 
tories for a sinusoidal deformation cycle of amplitude A and frequency 2m rad/s for 
several values of v. The figure shows that for v = 1, the normalized force f (t)/AK, is a 
sine function, and the EDR behaves like a linear spring. For v > 1, the force signal 
shows jumps at the times at which unloading starts. These jumps are larger for larger 
v. The force of the EDR subjected to sinusoidal deformation is periodic with the same 
period of the deformation signal; however, it shows discontinuities which are indica- 
tive of the presence of higher harmonics in the force signal and of the nonlinearity of 
this force-deformation relation. These higher harmonics can be seen in Fig. 6, which 
shows the amplitude of the Fourier-series coefficients for the normalized force signal 
for v = 1, 2, 5, 10. While for v = 1, only the first harmonic is nonzero, for v > 1, all odd 
harmonics are non-zero. From this analysis it can be seen that the behavior of an EDR 
deviates from that of a linear system as v increases. 


In Fig. 4 we note that the hysteresis loops of an EDR damper show a well- 
defined apparent stiffness equal to the average of the loading and unloading stiffnesses 
K,, = K,(v + 1/v)/2. The energy dissipation in a sinusoidal cycle of amplitude A can be 
easily computed as Wp = K, A’ (v-1/v). The normalized apparent stiffness K,,/K, 
and the normalized energy dissipation Wp /(K,A”) increase with v. This means that for 
a given spring stiffness K,, an increase in v that can be achieved by an increase in the 
number of wedges or a change in the geometry of the wedges, provides a stiffer EDR 
damper with larger energy dissipation capacity. 


100 J. Inaudi and J. Kelly 








Normalized force f(t)/ KA 






























































-6+ 2! 
1 A L 1 L 1 2 1 1 
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1 
Time [s] 
Figure 5. Force in an EDR damper subjected to sinusoidal deformation. 
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Figure 6. Amplitude of the Fourier-series coefficients of the EDR force. 
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2.2. The linear-friction element 


If an EDR damper configured to provide the behavior described in Eq. (10) is 
attached to two points of a structure by means of some elastic connection device such 
as braces or rods (Fig. 5), the relation between the relative motion of the points of 
attachment and the force applied on those points by the mechanical device is piece- 
wise linear. Under cyclic deformation, the hysteresis loops of the assembly will still be 
triangular; however, the element will show a finite stiffness in the transition between 
loading and unloading due to the finite stiffness of the connector. This constitutive 
relation is referred to as linear-friction herein. 


A hysteresis loop of a linear-friction element is shown in Figure 8. In this figure, 
K, represents the stiffness in loading, K, is the stiffness in unloading, and K; 1s the 
tangent stiffness of the transition between loading and unloading. When unloading 
occurs (AA <0) at a positive deformation A,;, the tangent stiffness of the element is 
finite and given by K3. If the deformation reaches A,, the tangent stiffness changes to 
K,. The tangent stiffness of the element is K3 while the deformation A satisfies 





Aj(t) < A(t) < A, (t) (12) 
where A, is the previous unloading deformation, and A, satisfies 
A K,—K 
ae 3 ! (13) 
Ay Ka "K, 


Similarly, when loading starts at a positive deformation A,, the tangent stiffness of the 
element is K3 provided the deformation satisfies Eq. (12) with A, satisfying Eq. (13). 
If the deformation reaches A, in the loading process, the tangent stiffness changes to 
K,. Since the device is passive, it can only store and dissipate energy; this implies 
that the loading stiffness K, must be greater than the unloading stiffness K >. In fact, if 
an elastic device with stiffness K, is connected in series with an EDR damper, the 
parameters K,, Kz and K; are given by: 


VK, K, kos K, Ky 
VAISK Ie Wao KOA IK? 


1= , K3= Kp (14) 


Since v > 1 (see Eq. (11)), Ky < K, < K; for all K, > 0 and K, > 0. 


In order to characterize the force-deformation relation of a linear-friction element, 
it is convenient to define the loading function /(t) = sgn (A(t) A(t )) where sgn(x) is the 
signum function; sgn(x) = 1 if x > 0, sgn(x) =—1 if x <0, and sgn(x) = 0 if x = 0; and 
the loading-unloading memory operator H[A(t)] which yields, for any time t, the value 
of the deformation signal A(t) at the immediately prior instant when loading or unload- 
ing starts; for a differentiable signal A(z) 


H[A(t)] = Att), O0<t=min(7), vale igw =o] (15) 
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Figure 7. Truss including an EDR damper. 
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Figure 8. Force-deformation relation of a linear-friction element. 
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Figure 9. Hysteretic component of the constitutive relation of a linear-friction element. 
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From the definitions given, we note that H[A(t)] is homogeneous of order one in the 
deformation; i.e., H[aA(t)] = oA fA(t)]. 1(t) is invariant under scaling of the deforma- 
tion signal. The output z(t) of the operator H[A(¢)] is a piece-wise constant function 
of time with jumps at the instants of reversal in the direction of the deformation or 
instants of zero deformation rate. The functions A,(t) and A,(t) used in Eqs. (12) and 
(13) can be related to z(t) as follows. During loading phases (/(t) = 1), 


A (t) = (t) AN) SAN KG 2 s (16) 
ye : 3 il ) u( ) K, —s K, 
while during unloading phases (I (t) = -1), 
A (t = f A =A (t 3 1 7) 
! ) AG) 0 re) ra K; ( 


Using the variable z(t) = AH[A(t)], the force in a linear-friction element can be 
expressed as 











coe Taye VAG ee eee 
1; A(t) (t)=1, IAI > Ore are 
eK 
gS 
ea KOK 
K> A(t) ley = A AG LO rac 
Ky 
Ki r@)—K312@)-A@) 1¢)=-1, k(t) at | < lat)! < Ize)! 
z(t)=H[A)], 1) =sgn(A A) (18) 


From Eg. (18) it can be readily shown that the linear-friction element is homo- 
geneous of order one in the deformation A. It is also simple to show that Eq. (18) 
fails to satisfy the additivity (superposition) principle of linear systems. It is worth 
mentioning that, for a continuous and piece-wise differentiable deformation signal A(t), 
the force in this model is continuous and piece-wise differentiable. For this reason this 
model leads to well-posed mathematical problems in static and dynamical analysis of 
structures containing EDR dampers. 


It is convenient to write Eq. (18) as 


f(@)=K,, At) + g(A@), J), z@); Ky, Y) (19) 
where 
kK, = (20) 


and the hysteretic component 
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K, A(t) l(t) =1, IA@)| > k@te 
K, HOT — 1K, EO) ae -A@)] 1G) = 1, Iz (t)l < lA)! < Oped 
g(t)= he 7 pon 
-K), A(t) i(t)=-1, lag) < eye a 





Ki 20) = Kae AO) 1@) =i LO < lA(t)! < Iz(t)! 


z(t) = H[A@)], l(t) =sgn(A A) (21) 
where 
K, = AeA (22) 
2 
and 
= K, < Ke 
Y= mike (23) 


The force-deformation relation g(A,/,z) is illustrated in Fig. 9. Because 
Ky, <K,<K3,1<y<; y—1 when K, > Kj; and y — ~ when K, — ~ for finite K, 
and K>. 


3. Dynamics of structures with EDR dampers 


The response of structures with linear-friction elements is studied in this section. 
It is shown that the period of oscillation and the decay ratio of single-degree-of- 
freedom (SDOF) systems with EDR dampers are independent of the vibration ampli- 
tude. The existence of modes of vibration in multi-degree-of-freedom (MDOF) Sys- 
tems is demonstrated and linearization techniques are applied to estimate the response 
of multi-degree-of-freedom structures with linear-friction elements subjected to har- 
monic and broad-band excitation. 


3.1. Free vibration of SDOF systems with linear-friction elements 


Consider a SDOF system with a linear-friction element described by 
ee 1 
YO) + @ yO) + — got), 1G), z(t); Ky, =0 (24) 


with initial conditions y(0) = Y,,, y(0) = 0, and z(0) = yy. In Eq. (24), w? = (Ky, +K,, )/m, 
where K,, and m are the stiffness and mass of the structure without the EDR damper 
and K,, is given in Eq. (20). The function g(t)/m takes three different expressions 


depending upon the variable z(t) = H[y(t)], the deformation y(t), and the deformation 
rate y(t); these expressions are 
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8© _Co2y(t) (Loading) 


a = —Cw’y (t) (Unloading ) 


on = Cw’y,(t) — yG@?(y,(t) — y(t)) (Transition) (25) 


where y(t) is the unloading deformation, y,(t) = z(t) ae 1G) = teandey (¢) =z (6) at 
I(t) =-1; and € = K,/(w’m). 
Defining the dimensionless variable 6 = wt, Eq. (24) can be written as 


y(8) + y(®) + u(y), 1(8), z(8); Gy) = 0 (26) 





where u(t) = _- y’ = dy/d® and z(®) = H[y(6)]. In the variable 6, Eq. (24) can be 
0) 


m 
written as 


y (8) + (l-+ ¢) y(@) =0 
yO) i= Opto) = 0 
y’"@)+ (+) y®=y() Sa-b (27) 


Equation (27) can be solved exactly for specific initial conditions by solving the 
corresponding linear system in each region of the state space and ensuring the 
corresponding continuity conditions. 
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(Unloading ) 
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Figure 10. Free vibration of a SDOF in the phase plane Gia 03,4i=10): 


106 J. Inaudi and J. Kelly 


In free vibration, this system presents fixed switching lines in the state space defined 
by y(6) and y’(6). At those switching lines, the tangent stiffness of the mechanical 
device changes. As shown in Fig. 10, the switching lines are given by 





y@®)=0, y(®)=0 and y’(@)=-ey(@) (28) 
where the constant e can be computed as 
1 
Miele seme i heaeien y-1)242 7 
€ wei yn 250-1) ok rary (29) 


Some details on this derivation can be found in Appendix A. The effect of y on the 
free vibration response of a linear-friction SDOF system is illustrated in Fig. 11 for 
¢ = 0.30 and y= 10, 20, 50 and ~. Small values of y yield a reduction of the period 
(stiffening effect) and a reduction of the effective damping. 





Normalized displacement y ( 8)/ y(0) 














Normalized time § = q@ t 


Figure 11. Free vibration of a SDOF with a linear-friction element. 


In the case of yo, the transition phase disappears in free vibration. This 


implies that for the purpose of free vibration analysis, the differential equation of the 
linear-friction SDOF oscillator with y > ~, can be reduced to 


y"(8) + y(®) + § y(®) sgn(y @)y‘(8)) = 0 (30) 
The lines y(0)=0 and y’(®)=0 of the state space constitute the switching lines 
between two different linear systems with dimensionless frequencies V1+€ and VT=C. 
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This equation is the so-called Reid oscillator, which shows a periodic response with a 
constant decay ratio between consecutive peaks*. The dimensionless period of the 
Reid oscillator, Tg, is independent of the amplitude of oscillation and given by 


1 1 

at ———) 
VIC NIE 
where T represents the period of the system in units of time. The ratio of peaks Y; 
between two successive cycles, n and n+1, is constant 


port eG 
pe a So 





TC) =T o=1( (31) 


In the case of finite y, the nonlinear system described in Eq. (25) also exhibits a 
vibration period, T,(C, y), independent of the amplitude of oscillation 


eg sya vies gue esa 
ee het ee Se cue, 








fe cog (ae (33) 
Vi+7C Cieeryiierg) 


Naturally, the normalized period is a function of y and ¢. Figure 12 shows the varia- 
tion of the period 7,(¢, y) with y for different values of ¢. The results are normalized 
by the period of the system with y =, T9(¢) (Eq. (31)), and given for ¢ = 0.2, ,0.5, 0.6 
and 0.8. 

Like the Reid oscillator, the linear-friction oscillator (Eq. (25)) shows a constant 
decay ratio between peaks in free vibration 





leery = sais Kel oy yh yaaa Glee (34) 
y 1+C6 y+1 (l- 0 (- 1) 


To analyze the effect of y on the decay ratio of the oscillator, an apparent damping 
ratio is computed based on the well-known result of linear viscously-damped systems 
2h 


n 


(35) 
The apparent damping ratio Ey, ¢) of this nonlinear system can be computed from Eq. 
(35) as 


= In(h(y, ©) 
E(y, ¢) = . (36) 


1 
0 
(45 In?(h(y, 6))1? 





where h(y, ©) = Yn41/Y, is given in Eq. (34). Figure 13 shows the apparent damping 
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Figure 13. Effect of y on the apparent damping ratio of the system. 
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ratio E(y, ¢) as a function of y for ¢ = 0.2, 0.5, 0.6 and 0.8. The effect of a reduction in 
y is to decrease the effective damping ratio. For y > 100, the effect of memory on. the 
equivalent damping ratio is negligible and & could be taken, without significant error, 
as that corresponding to y > °° (which can be computed using Eqs. (32) and (36)). 

As shown in this section, SDOF structures with linear-friction elements exhibit 
two characteristics of time-invariant linear structures: the vibration period and the loga- 
rithmic decrement are independent of the amplitude of oscillation. In fact, these 
characteristics are shared by all homogeneous SDOF oscillators’. 


3.2. MDOF structures with EDR elements 


Consider an N-degree-of-freedom system containing linear-friction dampers. The 
system can be described by the following differential equation 


N. 
My(t)+K y(t) + YL fi @)=L, we), yO=¥, yO=Y, (37) 


i=l 

where M and K represent the positive-definite mass and stiffness matrices, respec- 
tively; L,, w(t) represents the excitation, f;(t) is the force in the i-th damper, L/ is the 
appropriate force transformation, and N, is the number of dampers. The force in the 
i-th EDR device can be expressed as 


Filt) = Ka? At) + 8 OO), GO), Os Ky?, ¥) (38) 
where K,“?, K{ and y; are the parameters of the i-th EDR defined in Eqs. (20), (22), 
and (23); z;(t) = H[A;(t)], J,(¢) = sgn(A;A;), the element deformation A; in the i-th ele- 
ment is given by 


Aj(t)=L; y@), (39) 
and the function g(t) has been defined in Eq. (21). 


N, 
By defining K=K+ > L/ K,) L,, Eq. (37) can be written as 


i=l 


N. 
M y(t) + K y(t) + & L7 2 (A,(t), L(t), G@); KO, %-) = Ly W(t) (40) 
i=l 
Since the linear-friction element is homogeneous of order one, the system described in 
Eq. (40) is also homogeneous; if y(t) is the solution of Eq. (40) for initial conditions 
y, and y, and excitation w(t), a y(t) is the solution for initial conditions a y, and o Yo 
and excitation aw(t). 


Mode shapes in free vibration of MDOF structures 


Structural systems with supplemental EDR dampers with parameters Kj), Kj? 
and y, such as that described in Eq. (40) can exhibit mode shapes in free vibration 
when the initial condition is parallel to an eigenvector satisfying 
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o?Mo,=Ko, 1 =1,2,...,N (41) 


e 


if the matrix » Lj K,? L, is classical in the sense that 


=v 
N, . 
oF DLE KOOL, % =0, Lei (42) 
622i 
and all y; are equal 


Y= b= Lyuery No. (43) 


To demonstrate this statement, consider the hysteretic component of the resistance 
forces provided by EDR dampers in a structural system for the structure oscillating in 
a particular mode 


Ne 
Ft)= > L/ g(t) (44) 
p=! 


where F(t) is the vector of forces on the degrees of freedom of the model and g(t) 1s 
the hysteretic force in the i-th linear-friction element. 


Let the displacements of the structure be parallel to a particular direction », for 


all ¢, 
y(t) = 0 q(t) (45) 
where gq, is a modal coordinate. Then, 
Ai(t) = Lj 0) q(t) (46) 
and from Eq. (21), the i-th element force is 
Bilt) = Kx? Ly oo ait) (47) 
during loading phases, 
git) = Kx? L; o) a(t) (48) 
during unloading phases, and 
Bilt) = Ky? Ly) (Yu) + Higu(t)] 9) (49) 


during transition phases. To obtain Eq. (49) we have used the assumption given in Eq. 
(43). This implies that 


N, . 
F(t) =->_L} Kf 1:6, dit) (SO) 


i=l 


during loading phases, 


Ne . 
FO)=— DLE KP Ls; o a(t) (51) 


t=1 
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during unloading phases, and 
N. CALS 
F(t) = DL? Kn? L; alt) + Higley] (1-9) (52) 
i=l 


during transition phases. As Eqs. (50) through (52) show, F(t) does not change direc- 
tion when the structure oscillates in a particular mode shape. Furthermore, from Eqs. 
(50) through (52) and the assumption given in Eq. (41), we conclude that 


9, K=O" et (53) 


This means that no contribution of modes other than / should be expected in free 
vibration if the initial condition is parallel to o,. Therefore, we have proven that if 
Eqs. (42) and (43) are satisfied and y(0) =c 0, y(t) stays in the same direction show- 
ing a modal response (Eq. (45)). Furthermore, the modal coordinate q,(t) satisfies the 
differential equation of a SDOF oscillator as described in Eq. (24) with parameters y, 


W = 0, (54) 
where @, is given in Eq. (41), and 


N. : 
of YL KL; 4, 
a4 


= : = 35 
: o/ K 9, ce 





and initial condition q,(0) =c. 


4. Linearization techniques for the analysis of structures with EDR dampers 


The forced vibration of MDOF structures with classical linear-friction damping 
can be reduced to the forced-vibration of a SDOF structure when the forcing L,, w(t) is 
orthogonal to all but a single mode shape 9,. In this very particular case, the solution 
will stay parallel to @, and can be reduced to the solution of the forced vibration of a 
SDOF linear-friction oscillator. This unusual feature of nonlinear systems has been stu- 
died in detail for a particular class of MDOF structures with Reid elements (linear- 
friction elements with y = ~) subjected to periodic excitation?. 


Generally speaking, the computation of the response of MDOF structures with 
linear-friction devices subjected to deterministic or random loading requires numerical 
integration. The use of response-spectrum techniques in the preliminary design of 
structures subjected to dynamical loading is common practice in structural engineering. 
The earthquake-resistant design of structures is typically based on a linear response 
spectrum. For this reason, obtaining a linear system of equations which approximates 
Eq. (40) for a given type of excitation is highly desirable. In this section, different 
linearization techniques are used to approximate the response of this nonlinear system 
to harmonic and random excitations. These tools are very useful for the preliminary 
sizing and definition of location of EDR dampers in a structural system. 
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4.1. Harmonic linearization of a linear-friction element 

The harmonic linearization technique, often called the describing-function method 
or the method of harmonic balance!* seeks a linear element that approximates the 
response of a nonlinear element when the input to the nonlinear element is harmonic. 
Here, we seek an approximate linear element of the form 


Ff =k,A(t) +c, A(t) (56) 
to replace the nonlinear hysteretic element 


f =a (A(t), L(t), z(t); Ky, Y) (57) 


defined in Eq. (21). Letting the deformation A(t) = A sin(@r), we seek parameters k, 
and c, such that the following integral of square error is minimized: 


2n 
(0) 


Nes b=) PAO. A(t) — g (A(t), L(t), 2(t))P° dt (58) 


0 


After some algebra (see Appendix B for details), the following expressions are 
obtained for k, and c, 








ke = Ky, Px) (59) 
2 Kj 
CF ae) (60) 
@ 1 
where p,(y) and p,(y) are given by 
cotl pipe ue el 
alle pA A rere NBM OT ae (61) 
aid Yoh onati abrir Helip 
Pet =" Dacre Gre)? ia) eee ] (62) 


The functions p,(y) and p,(y) are plotted in Fig. 14; p,(y) is a monotonically decreas- 
ing function of y, p,(1)=1, and p,(e)=0. Conversely, p,(y) is a monotonically 
increasing function of y, p.(1) = 0, and p,(e) = 1. 

It can be shown that the expression for c, given in Eq. (60) can also be obtained 
by matching the dissipation of energy in a cycle of deformation of the equivalent 
viscous damper to that of the linear-friction element (Eq. (21)), E,. Therefore, E, can 
be written as 


FE, =2A* Ky oY) (63) 
where A is the deformation amplitude. 


A characteristic frequency of the deformation response is required to define Ge i 
Eq. (60). In the case of narrow-band excitation, an appropriate selection of @ is the 
forcing frequency. To approximate the steady-state response of a SDOF linear-friction 
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Figure 14. Functions p Y) and p,(Y) obtained using harmonic linearization. 
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Figure 15. Harmonic response of the linear-friction oscillator and its equivalent linear system. 
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system to harmonic excitation, the following equivalent linear system can be used 
y(t) + 2&0, y(t) + @2 y(t) = W sin Bor (64) 


where W is the forcing amplitude, the equivalent frequency w, = -\@? + k,/m 18 com- 
puted using Eq. (59) as 


@, = @ V1 + C p(y, (65) 


and the equivalent damping ratio is computed from &, = c,/2m@, with c, given by Eg. 
(60) and taking ® equal to the forcing frequency & = Ba, 


Pe eee) 66 
fe mB V1+C—,.~) a) 


Figure 15 illustrates the exact and approximate responses of a SDOF system subjected 
to sinusoidal loading for y= 50 and € = 0.30. The exact response was computed using 
numerical integration of the nonlinear differential equation of the linear-friction oscilla- 
tor and extracting the maximum deformation during a cycle of steady-state vibration of 
the oscillator. The approximate response is the steady-state response of the equivalent 
linear system. As shown in the figure good accuracy is obtained. 





In the case of broad-band excitation, the natural frequency of the oscillator is an 
appropriate choice for ® in Eq. (60); the equivalent damping ratio in this case can be 
obtained from Eq. (60) taking ® = @, to yield 


CG PM) 
m 14+ p,(y) 





a= (67) 


4.2. Linearization using the modal strain energy method 


In MDOF systems with well separated frequencies, the Modal Strain Energy 
method'®?! can be used in combination with the harmonic linearization technique to 
estimate the response of the nonlinear system described in Eq. (40) subjected to 
broad-band excitation. We seek a set of uncoupled differential equations that approxi- 
mates the response of the nonlinear system. Let us define the classical mode shapes, 
;, and modal frequencies, w,;, by replacing the nonlinear term of Eq. (40) with the 
corresponding linear spring elements, K,"), and neglecting the equivalent damping ele- 
ments, C{?, then 


N, ; 
oo; Mo, =(K+ >, L) RO L,) 6, > =1, 2,.. (68) 
i=1 


o; M 0; =e oF (69) 


where K is given by Eq. (59) with K, = Kj and y=y;. By defining the modal 
coordinates, q, as 


y(t) = ® q(t) (70) 
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and using the orthogonality property of the modal matrix, ®=[, --- gy], the 
equivalent linear system can bé described by 


N, 
q(t) + QO q(t) + @? YL COL, ® qt) =8'L, we) (71) 
eo: 


where Q is a diagonal matrix with terms w/ in the diagonal. Neglecting the interac- 
tion between the modal coordinates due to coupling through the equivalent damping 
matrix, we obtain the following uncoupled equations of motion 


N, 
qt)+ or at)+o7 YL COL, o ae)=o7 Ly we) 1 =1,2,..,N (72) 
i=l 
In the case of broad-band excitation, the equivalent damping constant C{” in the /-th 
equation of Eq. (72) is taken as 
he 2 KO pay, 
Co = h’ Pc (Y, ) (73) 
@) T 
Finally, the following modal equations are obtained to approximate the response of the 
nonlinear system 





Q(t) + 20,6, q(t) + OF a(t) = O/L, wt) 1 =1, 2,...,N (74) 
where the equivalent modal damping ratios, &, are given by 
N 
1 < i 
& = meee O/L7 Kr? peli). Li 1 » [= 1, 2,...,N (75) 
TO; j =1 


Figure 16 shows a comparison of the exact and approximate responses of a 2- 
DOF structure with linear-friction elements subjected to the El Centro earthquake. The 
parameters of the 2-DOF system considered are 


10 200 -100| 
Maelo) “= \\2i00. 100\|\* 


} wll uk . 


Two linear-friction elements with parameters K,/m = 50 1/s*, K2/m =1 1/s*, and 
K,/m = 300 1/s? are connected to the structure (top figure in Fig. 18). The natural fre- 
quencies of the structure without the EDDs are @, = 6.18 rad/s and @) = 16.18 rad/s. 
Using Eqs. (22), (23), (61) and (62) and the assumed parameters K,, K, and K3, we 
can compute y = 11.204, p, = 0.474, p, = 0.836. K,/m = 25.5 1/s* and the equivalent 
stiffness of each EDD is K,/m = 11.608 1/s*. The mode shapes, modal frequencies and 
modal damping ratios of the equivalent linear system are obtained as 


7 = [0.526 0.851] @,=7.2 rad/s & = 0.048 (77) 


Lie 
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Figure 16. Comparison of the response of a 2-DOF structure with EDR dampers 
and its linear model. 


3. Dynamics of Homogeneous Frictional Systems 117 


7 = [-0.851 0.526] @),=18.9 rad/s & = 0.048 


As shown in Fig. 16, excellent accuracy is obtained using the linearization technique in 
the estimation of the transient response of the nonlinear structure. The bottom figure 
in Fig. 16 shows the force-deformation relation of the EDR damper installed at the 
first story of the structure obtained in the simulation of the response of the nonlinear 
system. It is worth noting that the relative accuracy of this linearization (maximum 
error in a certain response quantity normalized by the maximum response value) does 
not depend on the amplitude of the excitation since both this nonlinear system and the 
equivalent linear system are homogeneous (of order one) in the input excitation. The 
accuracy of this procedure depends on the level of HOI Zon of the linear-friction 
elements which increases with Kj”. 


4.3. Statistical linearization of Reid’s element 


The statistical linearization method is used in this section to estimate the mean 
square response of structures containing EDR elements with y = subjected to station- 
ary random excitation. 


Let us obtain the equivalent damping constant, c,, of a linear damper that approx- 
imates the Reid element f(t) = K, A sgn (AA) by minimizing the mean square error 
assuming a stationary jointly-Gaussian distribution for the deformation and 
deformation-rate processes. The coefficient of the equivalent linear element can be 
computed by solving the following minimization problem: 


minimize A{c,] = Efe’) (78) 
where the error € is given by 
e(t) = Ky, A(t) sgn(A(t) A(t) ~ ce AC) (79) 
and the expectation operator E[.] is taken as 
EIQ] = aaa dist aoe sa tae e (80) 
In Eq. (80), o, and o, are the root mean square deformation and deformation rate. 
After some algebra, the minimization of the mean square error yields! 


2 Ky, OA 
T On 


(81) 


The equivalent damping parameter depends on the response of the structure to which 
the element is connected through the ratio o,/o,. This ratio is a function of the pro- 
perties of the structural system, those of the EDD, and the characteristics of the sta- 
tionary input process. It is interesting to note that c, is independent of the intensity of 
the excitation process and only dependent on its frequency content if the dampers are 


118 J. Inaudi and J. Kelly 


connected to a linear structure. 


The stationary response of the nonlinear system described in Eq. (40) (with 
Y; =e) subjected to random loading can be estimated using the equivalent linear sys- 
tem. The equivalent linear system presents the same mass and stiffness matrices as 
those of the nonlinear system and the following damping matrix (which has meaning 
only under a stochastic analysis) 


CC. Y LG), (82) 


where c, is given by 
Omron 
cf = —— (83) 
oe ton 


where the root mean square deformation, Oa, and the root mean square deformation 


rate, 6, , are given by 
1 
Ga, = L; Elyy’) L7 ]? (84) 


1 
64, = CL; Ely’) L7 )? 


To illustrate the procedure, let us obtain the mean square response of the nonlinear 
system described by Eq. (40) subjected to a zero-mean white process with autocorrela- 
tion function 

E[w(t) w(t+t)] = W 8(t) (85) 


The stationary state covariance matrix of the equivalent linear system can be obtained 
by solving the following matrix equation”® 


A, P+P A] =-B, WB! (86) 
where 
O I O 
at T (foes pe Gp of poe. 
P= E [xx ] a ly MV ] A. a —Mo 1K —M"'C, B,, ;. ai (87) 











Numerical methods are required to solve for the state covariance matrix P because Eq. 
(87) is a set of nonlinear algebraic equations. (Equation (87) is nonlinear because A, 
depends on P through the mean square deformations O,, and the mean square deforma- 


tion rates 6, which in turn depend on P.) An iterative technique was used in this 
study to solve for the stationary state covariance matrix. 


The 2-DOF system described previously is used for a numerical example on the 
accuracy of this linearization method. The parameters of the Reid elements are taken 
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as K,/m = 50 l/s*, Ky/m = 1 1/s* and K3/m =. Monte Carlo simulation techniques 
are used to estimate the response of the nonlinear system subjected to white-noise sup- 
port acceleration (E[w (t)w(t+t)] = 1000 cm?/s*).. The mean square response of the 
nonlinear system was estimated by averaging the results of 250 numerical simulations. 
The stationary response of the equivalent linear system was computed using Eqs. (82) 
through (86). Figure 17 compares the mean square response obtained by Monte Carlo 
simulation with the stationary response computed using the statistical linearization 
technique. Very satisfactory accuracy is obtained. 
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Figure 17. Monte Carlo simulation results and statistical linearization results (Reid’s model). 


4.4. Linearization using a linear hysteretic damping model 


An equivalent Kelvin element is typically used to linearize nonlinear elements. In 
this section, a linearization based on a linear hysteretic model is proposed to estimate 
the response of the nonlinear system to stationary random excitation. 


Many materials show force-deformation relations which are independent of the 
deformation-rate amplitude. This behavior is usually referred to as hysteretic. Accord- 
ing to Bishop’, linear models for hysteretic damping were proposed prior to 1937. 
Such denominations as linear hysteretic damping, structural damping, or complex- 
valued stiffness, have been used in the literature to refer to a linear model of damping 
in which the energy loss per cycle is independent of the deformation frequency. 
Interesting discussions on this model can be found in the literature*??!?®, 


120 J. Inaudi and J. Kelly 


A linear hysteretic model that shows energy loss per cycle quadratic in the defor- 
mation amplitude and independent of the frequency can be given in the frequency 
domain by 


F,(j®) = j sgn(®) S, AGB) (88) 


where j = V-I, S, is a real-valued parameter with units of stiffness, AG@) is the 
Fourier transform of the deformation, and F,(j@) is the Fourier transform of the force 
of the model. This linear hysteretic element is non-causal’, i.e., the force anticipates 
the deformation history in transient vibrations; this naturally violates the principle that 
in physical systems effect cannot precede cause. For this reason, this model has been 
mostly used in the context of harmonic excitation. 


The energy dissipation E,, in a deformation cycle of amplitude A in this model is 
Em =T Ac Sh (89) 


The dissipation of energy per cycle in the linear-friction element (Eq. (21)) is also qua- 
dratic in the amplitude and independent of the deformation frequency. It follows that 
a complex-valued spring element is a suitable candidate for the linearization of the 
linear-friction element. The following equivalent linear model in the frequency 
domain is proposed 


FJD) = (K,+ j sgn(@®) S,) AGB) (90) 
where K, is given by Eq. (59) and S, is obtained by matching the energy dissipation 
of both models. From Eqs. (63) and (89) we obtain 

_ 2K, 
Wor 





5 P.(¥) (91) 


The stationary response of the equivalent linear hysteretic system can be computed 
using frequency-domain techniques for a given power spectral density of the excitation 
process. The dynamics of the equivalent linear structure can be expressed in the fre- 
quency domain as 


N. 
(Go) M +K+ YL (Kf? +7 sgn) SL) L; |] YG6) = L, WU5) (92) 
i=l 


where K{) and S, are given by Eqs. (59) and (91), respectively, with the parameters 
of the i-th element. The stationary mean square response to a stationary excitation can 
be computed as 


Elyy"]= J H,,@@) S,(@) Hija) do (93) 


where H,,,(j@) is the transfer function from w to y, S,,(@) is the power spectral density 
of the excitation, and ()* represents complex transposition. 
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Figure 18. Monte Carlo simulation results and hysteretic linearization results. 


A simple numerical example is developed to illustrate the accuracy of this method 
in the estimation of the mean square response of the nonlinear system containing 
linear-friction elements. The mean square response of the nonlinear system described 
by Eq. (40) subjected to support acceleration modeled by a zero-mean white process 
with autocorrelation function 


E[w(t) w(t + 7)] = W O(t) (94) 


is computed using Monte Carlo simulation techniques. The 2-DOF system described 
previously was subjected to white noise excitation of intensity W = 1000 cm/s*. The 
parameters of the linear-friction elements are Kj/m = 50 1/s*, K/m =1 1/s*, and 
K,/m = 300 1/s*. The stationary root mean square displacement of the nonlinear sys- 
tem was computed by averaging in time the mean square deformation response 
obtained in a Monte Carlo simulation (250 simulations) between t = 10 s and t = 20s, 
giving 

6, = VELy?] = 2.66 cm (95) 


Using the hysteretic linearization procedure, we can estimate the mean square response 
of the system. For the assumed parameters, we can compute y= 11.204, p, = 0.474, 
0, = 0.836, K,/m = 11.609 I/s*, and S,/m = 13.041 1/s?. The stationary root mean 
square displacement of the equivalent linear hysteretic system, o,,, is computed from 


Eqs. (92) and (93) as 


0. 


y, = 2.70 cm (96) 
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Comparing Eqs. (95) and (96) we see that the accuracy of the linearization method is 
excellent. Figure 18 compares the results obtained in the Monte Carlo simulation with 
the stationary value estimated by means of the hysteretic linearization procedure. 


Although a frequency-domain approach has been suggested above, the following 
time-domain representation can be used for linear hysteretic damping!® 


f@)=K, AG) +5, AG) (97) 
where A(t) is the Hilbert transform of A(t) defined as 
Agysnk evtiy, (98) 
yee ae 


—oo 


In Eq. (98) the Cauchy principal value of the integral (see Appendix C) is implied. It 
is worth mentioning that, although the Hilbert transform allows a time-domain 
representation for structures with linear hysteretic damping, the solution in the fre- 
quency domain is more convenient than solutions in the time domain because of the 
non-causality property of the Hilbert transform. However, iterative techniques in the 
time domain or state-space methods with analytic signals can be used to compute the 
response of linear structures with linear hysteretic elements!*!®. 


5. Experimental research 


This section is devoted to the verification of the mathematical models proposed in 
previous sections for the EDR dampers. The response of a base-isolated test structure 
with EDR dampers and a mass damper device subjected to simulated ground motions 
on a shake table is estimated integrating the equations of motion of a mathematical 
model of the test structure and compared with the recorded responses. 


5.1. Earthquake simulator tests on an isolated model 


Testing of a reduced-scale structure with EDR dampers was performed recently”. 
Two applications of the EDR were considered during this experimental program: (i) 
the use of the EDR as a base-isolation system and (ii) its use as an energy absorbing 
strut for building structures. A steel moment-resistant frame was used as a test struc- 
ture for both applications. A detailed description of the objectives and results of this 
experimental program is given elsewhere’. Here, a mathematical model for the test 
structure is obtained and the response of the test structure containing EDR dampers is 
computed and correlated with the corresponding experimental results. 


A schematic of the configuration used to test the EDR damper as a component of 
an isolation system is shown in Fig. 19. This figure shows the three-story, moment- 
resistant frame structure used in the experimental program. The test frame was 6 ft 
tall and 3 ft by 4 fr in plan. Approximately 1000 /b of lead were added to each floor 
and to the base of the structure. The model was mounted on rollers on a shaking table 
capable of providing horizontal motion in one direction. The relative motion of the 
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base of the structure with respect to the shake table was constrained by the rollers in 
all but a single horizontal direction parallel to the motion of the shake table. The base 
of the isolated structure was connected to the shake table using an EDR damper which 
functioned as an isolation system in the horizontal direction. The EDR was configured 
so that deformations of up to + 5 in could be accommodated in the isolation system. 









Base-isolated frame 


Lead ballast 


EDR isolation system 


—<=— Shake table 


Low-friction rails 
Actuator 


Figure 19. Schematic view of the experimental setup. 


The instrumentation was designed to capture the motion of the floors of the struc- 
ture and the force in the EDR damper. Accelerometers were located on each floor of 
the structure, on the base of the structure and on the shake table. Linear potentiome- 
ters were used to measure the displacements of the floors of the structure, and direct 
current differential transducers were used to measure the deformation of the EDR 
damper and the displacement of the table. 

A four-degree-of-freedom lumped-parameter model was identified for the base- 
isolated model. The selected degrees of freedom were q(t) = displacement of the base 
of the structure, g(t) = displacement of the first floor, q3(t) = displacement of the 
second floor, and qg,(t) = displacement of the fourth floor. 


From weight tests performed on the structure, the weights of each floor and base 
were estimated aS Wyyse = 1270 Ib, W, = 1324 lb, W2 = 1342 Ib, W3 = 1301 lb. Accord- 
ingly, the mass matrix was taken as 


3.288 0 0 0 
Oy BAO 0 
0 0 3.474 O 
0 0 ORS 368 


M= lb s?/in (99) 
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Using recorded data from free vibration and impact tests of the model isolated 
with linear springs, the stiffness matrix of the superstructure associated with the hor- 
izontal motions of the floors and the base was estimated. The stiffness matrix of the 
superstructure (excluding the isolators) was estimated as 


13441 -20733 8957 1Nesyil 
—20733 42082 -—29805 8456 

8957 -29805 37267 -16419 
-1511 8456  -16419 9474 


lb lin (100) 


Modal damping ratios of €; = 0.005 were estimated for the three vibration modes 
that involved deformation of the superstructure (i.e., for modes i = 2, 3, 4). Accord- 
ingly, the damping matrix of the superstructure was computed as 


C=07 ag! (101) 
where A is a diagonal matrix with diagonal terms Aj = 2&;@; and ® is the modal 
matrix normalized with respect to the mass matrix. 


A frictional force of approximately 20 /b existed in the rail supporting the sliders 
of the isolated structure. Although small (less than 0.5% of the model weight), this 
frictional force affected the response of the base-isolated model. For that reason, this 
dry friction was accounted for in the mathematical model of the structure. 
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Figure 20. Comparison of the recorded and simulated deformation. 
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Figure 21. Comparison of recorded and simulated EDR force. 
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In the experiments the model was isolated using a single EDR damper and sub- 
jected to support motion simulating a recorded earthquake (a signal recorded at the 
coastal town of Zacatula during the 1985 Michoacan earthquake). The recorded 
response of the model isolated with an EDR device was later compared with the pred- 
iction obtained using the mathematical model of the superstructure described above 
and the linear-friction element described in section 2. The following model was used 
for the structure isolated with the EDR damper: 


M y(t) + C y(t) + K y(t) +L" (fagpe(t) + fart) = -M I w(t) (102) 


where M is given in Eq. (99), K in Eq. (101), C in Eq. (102), fepr(t) is the force in 
the EDR damper, fa,(t) is the frictional force in the rail, L? = [1000], l=[111 1)’, 
and w(t) is the shake table acceleration. 


The parameters of the damper were determined as K, = 301 lb/in, Ky = 37 lb/in, 
and K, = 10000 /b/in. Figures 20 through 22 show the results obtained in the numeri- 
cal simulation and compare them with the recorded responses during the test. Figure 
20 shows the deformation history, y,(t), of the isolation system; the recorded response 
is shown in thick line and the computed response is shown in thin line. Figure 21 
shows the force in the EDR device recorded using a load cell during the test (thick 
line) and the force history obtained in the numerical simulation (thin line). Figure 22 
shows the hysteresis loops of the EDR damper recorded during the experiment and 
those computed in the simulation. The figures show good correlation, indicating that 
the linear-friction model can be used to predict the response of structures incorporating 
EDR devices configured to provide triangular hysteresis loops. 


5.2. Component testing of a tuned mass damper 


Numerous mechanical devices have been proposed to realize the concept of a 
tuned mass damper (TMD). Among these we find damped pendulum systems, vessels 
filled with viscous fluids, and masses connected with steel springs or elastic rods. The 
energy dissipation in TMDs is provided using materials such as polymers, steel ropes, 
friction dampers, or pneumatic dampers. Other means of energy dissipation proposed 
include electro-magnetic dampers and shape-memory alloy materials. 


For efficiency in reducing vibrations in linear structures, a TMD must have period 
of vibration and decay ratio independent of the amplitude of oscillation, should accom- 
modate for the need of fine tuning after installation, and should have stable mechanical 
properties during operation. Although linear viscoelastic materials are commonly used 
in the resistance scheme of the TMD, analytical research has suggested that nonlinear 
mechanisms exhibiting triangular hysteresis loops under cyclic loading are suitable for 
mass damping applications!"!°, 


To investigate the dynamical behavior of a TMD with EDR dampers an experi- 
mental program was conducted. A mass damping device was constructed by mounting 
a mass on frictionless bearings and attaching it to a shaking table with helical springs 
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Figure 23. Schematic of the TMD with an EDR damper. 
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Figure 24. Deformation and acceleration of the TMD recorded 
in a free vibration test. 


Ip Experiment 





Time [s] 





Simulation 








Time [s] 


Figure 25. Comparison of experimental and simulated TMD deformations. 
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and an EDR damper for testing (Fig. 23). The weight of the mass was approximately 
320 lb and the springs and EDR were designed such that upon loading the stiffness of 
the connection was K,/m = 12.7? 1/s” and upon unloading the stiffness of the connec- 
tion was K,/m = 10.17* 1/s*, where m is the mass of the TMD. 


Free vibration and forced vibration tests were conducted on the model. Figure 24 
shows the deformation and acceleration histories recorded in a free vibration test. As it 
can be observed in the figure, the period of vibration and the decay ratio of this non- 
linear oscillator are independent of the amplitude of vibration, confirming the analyti- 
cal predictions made in Eqs. (33) and (34). The recorded TMD deformation history 
during a test simulating the El Centro earthquake (scaled to 1.3 inches maximum dis- 
placement) is shown in Fig. 25. In the same figure, the simulated result is presented 
which shows excellent agreement with the experimental result. 


The good correlation obtained between the numerical simulations and the experi- 
mental results provides great confidence in the use of the EDR models developed. The 
main implication of these results is that further studies on the behavior of structures 
with EDR dampers can be developed using computer models. Such studies can 
include linear and nonlinear models for the main structural system. 


6. Concluding remarks 


The dynamical response of structures containing EDR dampers configured to pro- 
vide triangular hysteresis loops has been investigated. The free vibration response of 
SDOF and MDOF structures with linear-friction dampers has been studied. These 
structures show modes of vibration, period of oscillation and decay ratio independent 
of the amplitude of vibration, quite uncommon features for nonlinear structures. The 
harmonic linearization technique has shown excellent accuracy in the estimation of the 
response of structures with EDR dampers subjected to harmonic and broad-band exci- 
tation. The MSE method in combination with the harmonic linearization technique has 
been used to estimate the dynamical response of MDOF structures containing linear- 
friction elements and a linearization method using a linear hysteretic element has been 
proposed to estimate the mean square response of structures containing linear-friction 
elements subjected to random excitation. By using Monte Carlo simulation techniques, 
the accuracy of this method has been demonstrated to be excellent. 


The EDR damper when used as an energy dissipation mechanism in a vibrating 
system or as a device for the enhancement of the seismic performance of a structural 
system at first sight may appear to be less effective than a conventional Coulomb fric- 
tion damper in the sense that it does not dissipate as much energy in a cycle for the 
same force level. However, it has advantages over the Coulomb friction devices 
including the fact that it leads, as shown here, to highly accurate equivalent lineariza- 
tion techniques. It also has the characteristic that it dissipates energy over the entire 
range of excitation intensity. In a conventional element where there is a threshold force 
that must be overcome before the device becomes effective, the level of input must be 
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predicted because the dynamics of the structure with supplemental Coulomb friction 
dampers depends highly on the response amplitude; if the threshold is set too high in 
order to have adequate damping at a high level of input, the device will be ineffective 
at lower levels of input. In contrast, a linear-friction device such as the EDR damper 
will be active at all levels of input. 


Because the dissipation of energy-per-cycle of this nonlinear homogeneous ele- 
ment is quadratic in the deformation amplitude, excellent accuracy is obtained with the 
linearization methods. In fact, the accurate predictability of the response of structures 
containing EDR elements with triangular hysteresis loops is a very convenient charac- 
teristic of this type of energy dissipator. The linearization techniques applied in this 
work are useful tools for the preliminary design of structures with EDR dampers. 
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Appendix A: Free vibration of a SDOF system with EDR damper 


Figure 10 describes the free vibration of the SDOF oscillator in the phase plane. 
There are three switching lines that separate three regions corresponding to loading, 
unloading and transition between loading and unloading. Two of these switching lines 
coincide with the horizontal and vertical axes (y(®6) = 0 and y’(6) = 0). In this Appen- 
dix, the solution of Eq. (27) for the initial conditions y(0)=Y,, y’(0)=0, and 
y,(0) = z(0) = Y,, is computed to obtain the slope of the third switching line. 


The phase of the solution corresponding to the transition between loading and 
unloading is governed by the following differential equation 


y"(8) + (147 ©) y@) = ¥, 6 CHI) (103) 
where 
K;, 
ose (104) 
oa” m 


and y is given in Eq. (23). The solution can be written as 














y@=y, 20) 4 y, a-SOD) costs 9 @) (105) 
1+ yC 1+ yC 
VO) Saye are tO (106) 
Vi + ¥C 
At 8 = 0, the system reaches the unloading phase; 1.e., 
1 
0) =Y, — 
y(0;) = Y,, vel (107) 
From Eqs. (105) and (107) we obtain 
me. Mel adel — Gyr), 1+ 76 
Oe = ks, 
1 V1 + COS KC 41 [Pas Me (PE C ] (108) 
“(8 
The sought switching line has a slope ? 5 : in the phase plane given by 
VANS) 
y’(®)) eye dll (1+) sin(v1 + y€)) (109) 
y (8) b ae NI + ¥6 


An alternative way to compute the slope of the switching line approach follows. 


Using the fact that y(6)” = 5 ie y(8), and using Eq. (103), we can write 
dy"(®) |, > ~ 
dy (8) y(8) +y@) 1+ yO=Y, CG) (110) 


whose solution can be written as 





y(6)" + (1 + ¥6) y (0)? = 2, 6 (1) + 1 + YO) -— 26 (y-1)] ¥ (111) 
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On the switching line y(6,) = ter Y,, and, therefore, using this expression and Eq. 


(111), we can write 





UE ce: ips en 
CWT ere ae GAS KG uh oC ae (112) 


Both Eqs. (109) and (112) render the same numerical values for the slope of the 
switching line. 
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Appendix B: Harmonic linearization of a linear-friction element 


Consider Eq. (58) with A(t) = sin Ot. Let 6 = Gr, then the harmonic linearization 
method reduces to 


minimize J(c., ke) =2 I [ k, A(®) + c, A(6)) — g(A(6), /(8), z(0))]* d® (113) 
0 


where, for A(6) = sin(®), g (A(®), /(8), z(8)) is given by 
K, sin@, O0<0< I 
@) = 4K, (1-y4y si i Bost 114 
g (0) ,(1-y+y sin®) , 5 <0 : + cos Ca (114) 
—kK,, sin® , uid ao cone) <O0<T7 
2 y+1 


The equivalent constants can be computed as 
Tq 
J s(®) sine de 
k, = (115) 
| sin’e ae 
0 
Tt 
| s@) cosd de 
c¢. = (116) 
@ J cos*0 d@ 
0 


Solving the integrals in Eqs. (115) and (116) in the intervals 0<0< =, 


= <0< 7 7 cos), and = + cost) <@<n, the following expressions are 
obtained 
Ky, 4,1 -1 
ke =— E_) a4y - 2vy 
fac ge Ces Car +7) = 2yy a (117) 
K te i 
pel Se eee Waals © cans at (118) 
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Appendix C: Linear hysteretic damping and the Hilbert transform 


The mechanical-element model discussed herein shows frequency-independent 
storage and loss moduli; this implies that the Fourier transform of the element force 
F (j®@) and Fourier transform of the element deformation A(j®), satisfy: 


FG@) =k +7 1 sgn(@)) AGO) (119) 


where k is a parameter with stiffness units, j = V—-I, n is the frequency-independent 
loss factor (ratio of the loss and storage moduli of the element), and sgn(.) is the sig- 
num function, sgn(x) = 1 if x > 0, sgn(x) =—1 if x < 0, and sgn(x) = 0 if x =0 


The Hilbert transform 


In this section, it is shown that the Hilbert transform gives a correct time-domain 
representation for the linear hysteretic damping model defined in Eq. (119). First, let 
us recall the definition of this transform and briefly look at some of its properties. 


The functions g(t) and g(t) are called a Hilbert transform pair if, for almost all r, 


AOR Os tc: f -3 
g(t) = lim P i) ema (120) 
ey a 
g(t) = lim P J = Tee dt (121) 
where 
P j4 a dt = lim j 4 a asf c2 dt (122) 
€0"| re 


is called the Cauchy principal value around t = 1 of the integral®. We say that g(t) is 
the Hilbert transform of g(t), and we write g(t) = H[g(t)]. For these integrals to con- 
verge, f(t) must be p-th power Lebesgue integrable, for some p in the interval (1, °). 
The key feature of the Cauchy principal value is that, by taking the limits for e > 0° 
in both integrals, the infinities generated to the right and to the left of t= + can cancel 
each other in continuous signals. 


As shown in Eq. (120), the Hilbert transform of a signal g(t) is a linear operator 
defined by the convolution of g(r) and -1/(m rt). Equation (120) also shows that this 
operator is non-causal, since in order to compute g(t), the function g(t) is required for 
—oo < F < 09, 

From Eq. (120) we note that the Hilbert transform of a constant signal is zero. 
The Hilbert transform is invariant under time scaling’; this means that the Hilbert 
transform of g(at) is g(ar) (similarity property) where g(t) is the Hilbert transform of 
g(t). Consider the signal g(t) = sin Of with @ # 0; its Hilbert transform is 
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co 


H{sin or] = [| SE ar (123) 
a TOE. SE) 

Letting x = t-t and expanding the sine of a sum, we obtain: 

1 i sin Ox 


H [sin @t] = cos Of — dx =cos @t sgn(®) (124) 


x 


Similar operations yield 
H [cos @t] = —sin l@lr (125) 
As shown in Eqs. (124) and (125), the Hilbert transform does not change the 
amplitude of a sine or cosine signal and only changes its phase by +m/2 rad. 
To further investigate the Hilbert transform, a frequency-domain analysis is use- 
ful. Applying Fourier transform to the convolution defined in Eq. (120) we obtain 
ee i 1 A ; , 
CUO ET) FN CUS sgn(®) G(j®) (126) 
where FT[.] represent Fourier transformation. Therefore, a time-domain representation 
for linear hysteretic damping can be obtained using the Hilbert transform 


f(t)=k A(t)+k n AG) 
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ABSTRACT 


Researchers at Utah State University have been investigating mechanisms involved 
with structural damping in a truss whichis attributable to pinned joints. The joints 
investigated are typical clevis/tang joint with clearance fit pins. A review of work 
discussing damping mechanicsms is given. Expressions for damping due to friction 
caused by either extensional or rotational motions are derived. Mechanisms for 
damping caused by impacting are discussed. Measured results for a truss with 
eight pinned joints are given and effects of gravity on damping are demonstrated. 
The role of friction and impacting on damping in the truss is summarized. A simple 
nonlinear finite element model of a joint is discussed. 


1. Introduction 


The design of a deployable space structure typically incorporates multiple 
revolute joints into a deployable truss. Joint designs are largely influenced by the 
methods used to construct the truss in space. If the truss is constructed by deployment or 
unfolding of truss components, the joints may utilize pinned joints. Figure 1 illustrates a 
deployable joint design proposed for large reflector antenna structures.' A pinned-joint 
design would allow rotational slippage about the pin axis. This rotational slippage could 
be exploited to maximize joint damping by controlling the loading of the joint pins and 
running the joints dry (unlubricated). Drawbacks of this approach include permanent 
offset of the truss due to residual Coulomb friction and fretting corrosion of the joints. 
Utilizing a viscoelastic material in the joints could provide a source of viscous damping. 
A major current drawback of joint design such as that illustrated in Figure 1 is the 
inability to accurately predict the dynamic behavior of the truss. Because the structure 
may exhibit nonlinear behavior, such designs are often avoided due to the difficulty in 
modeling the behavior. 
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Figure 1 Illustration of a joint for a deployable structure. 


If these joints are designed such that large preloads can be applied across the 
mating surfaces or preloaded bearings are installed, the damping produced by that joint 
approaches that of a welded or tightly clamped joint. The contribution of the joints to 
structural damping would be small and linear finite element models would normally be 
able to accurately predict the behavior of these structures. However, if the joint design 
allows a small amount of "slop" or deadband, the dynamic behavior of this structure can 
be dramatically altered. The deadband and friction characteristics in this type of joint can 
introduce nonlinearities into the behavior. The structure would also exhibit deadband, 
hysteresis, and have significantly higher damping rates than identical structures with 
"welded" joints. Unfortunately, dynamic behavior due to the joints is very dependent on 
many variables such as joint design and condition of joint interfaces. Predicting the 
dynamic behavior is at best difficult. Measured data from design prototypes is often 
required. The problem with large scale testing is that testing usually occurs at a time 
when most of the structural design has been fixed in detailed design drawings or testing 
in a 1-g environment may be difficult for structures not designed to operate under that 
load. 


2. Passive Damping in Space Structures 


Ashley’ noted that the primary sources for passive damping for space structures 
could be fit into three categories: 

1) material damping; 

2) damping at joints and interconnections and; 
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3) artificially introduced damping (dashpots). 
For small amplitudes, material damping can often be modeled as being independent of 
stress level. Such is not the case for joint damping. Simple models (i.e., Coulomb 
friction with macro slip) predict the rate of energy dissipation to be dependent on the 
normal loads across the interface of a joint and the magnitude of the relative motion in the 
joint interface. This infers that gravity should influence damping rates. If joints allow 
some slippage, a 1-g load could prevent or reduce the amount of slippage which would 
occur and thus reduce damping. However, if a fixed amount of slippage occurs in a joint 
and joint loads are increased, damping would also increase. Thus, preloads due to gravity 
could either increase or decrease damping. Ground tests of lightweight structures may be 
significantly influenced by gravity induced loads. 


The amount of damping which joints could provide for space structures is 
uncertain. Ashley’ postulates that material damping will dominate over joint damping for 
very large space structures. However, his conclusion is based upon the assumption that 
joint damping is proportional to a characteristic length of the structure squared. 
Generally, joint damping via Coulomb friction is dependent on the number of joints, 
which is proportional to structure volume as is material damping. If the lengths of 
individual truss members are held constant, the relative contributions of material and joint 
damping should not change with structure size. Plunkett’ gave a summary of friction 
damping knowledge and reported that "several studies have shown that joint and 
connection damping is the most important mechanism for energy dissipation in most real 
structures." 


Folkman‘ conducted ground tests of a miniature truss constructed using pinned 
joints and demonstrated that damping rates could change by a factor of 4 due to gravity 
loads. It is suggested that, depending on the type of joints selected, the magnitude and 
character of structural damping can be significantly influenced by joints. If joints are 
designed such that large preloads can be applied across the mating surfaces, the damping 
produced by those joints approaches that of a welded joint. However, joints which have a 
small amount of deadband can influence structural dynamics significantly. 


3. Reported Joint Damping Mechanisms 


Models of joint or interface damping are derived from two mechanisms: friction 
and impacting. Friction is attributed to either rotary or extensional motions; impacting 
implies that two surfaces are separated by some finite gap and come into contact during 
each cycle of an oscillation. 


The method of energy dissipation for impacting is rather complicated. Crawley et 
al. suggested that one measure of energy dissipation due to impacting is the coefficient 
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of restitution. The coefficient of restitution is not only a material property but is also a 
function of the shape of the contacting surfaces. 


Models of friction damping generally fall into two categories: microslip and 
macroslip. Macroslip models assume no damping occurs until there is relative motion 
between two interfaces. Relative motion occurs when the forces parallel to the interface 
exceed the Coulomb frictional force, which is proportional to the force which is normal to 
the interface. This classic friction-damping model was analyzed by Den Hartog.® His 
analysis indicates that for small loads, the energy dissipated increases linearly with 
displacement. Beards and Williams’ discussed how to optimize joint damping by 
maintaining an optimum joint load during rotational macroslip. They reported that 
significant damping rates can be obtained when joints are allowed to undergo rotational 
slippage. However, some static stiffness is sacrificed when rotational slip is allowed. 


Microslip models predict friction damping due to localized, microscopic slippage. 
Because of surface imperfections, interface contact pressure is not uniformly distributed. 
This allows localized slippage, while the overall joint remains "locked." For example, 
when material damping measurements are made using cantilever beam specimens, a 
prime concern is how the specimen is clamped to the "wall" such that microslip 
contributions are minimized. Damping due to microslip would typically be less than 
from macroslip. Plunkett’ reported we are far from being able to predict damping due to 
microslip. 


No general model is available describing losses in joints. However, analytical and 
computer models which attempt to include friction and impacting of a structure 
containing a single joint are available.*"! Ferri'! showed computer simulations of the 
behavior of a single joint indicating that nonlinear sources of damping, such as friction 
and impacting, appear to be predominately viscous in nature. However, the models in the 
above references are not directly applicable to truss structures with multiple joints, 
although they could provide damping estimates of individual components. No references 
were found comparing model results with measured data. 


3.1 Commonly Used Terms 


Commonly used terms describing damping in a structural component include the 
loss factor 7 which is defined as: 
EOTAC, 
0 2T7U () 
where AU is the energy dissipated per cycle and U is the energy stored per cycle. The 
viscous damping ratio ¢ is defined by: 
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(hare 
oe (2) 
where c is the viscous damping coefficient and c,, is the critical viscous damping 
coefficient. A common method used to measure damping of a single degree of freedom 
system is to record the rate of decay of a single vibration mode. The logarithmic 
decrement 6 is then computed from: 
A 
Bara a) (3) 
n A 


where n is the number of cycles of the decay and A, is amplitude of displacement at some 
initial reference while A, is the amplitude after n cycles. Another term describing 
damping is the amplitude ratio at resonance or Q which can be defined easily in terms of 
C as: 





1 
= — 4 
Dimer (4) 
Relationships between 6 and ¢ are given by: 
vs 5 dakaraee ora lL 2 
A Mee V4m? +6 
For light damping (i.e., 5<0.01), n, ¢, 6, and Q can be simplified to the following 
relationships: 
5 1 
= 20 2 — 2 — 6 
Nita Shot ane q (6) 


Although the above terms are all commonly used, the relationships among the terms are 
strictly correct only for viscous damping (when damping forces are proportional to the 
structure velocity). Material damping at low stress levels for most structural materials 
can often be modeled as viscous damping. Damping due to frictional effects is usually 
assumed to be independent of velocity and is proportional to the normal forces between 
the contacting surfaces. Damping due to joints and connections is usually best described 
in terms of n, the loss factor. 


3.2 Damping in Built-up Structures 


For a structure built from several components, a loss factor for the entire structure, 
1, can be obtained by summing the energy dissipated in each element and dividing by the 
total strain energy in the structure, or: 
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ay, 
ee (7) 


ond u, 
i=l 


where AU is the energy dissipated in element i and U; is the energy stored in element i. 
Let U, be the total strain energy in a structure and /; be the fraction of the total strain 
energy in component i or: 


ew Dik (8) 
ae oe 
Naies (9) 


t 


then n, can be expressed as: 


oA oh eee 
—=)i ns, (10) 


iz. 2TU, U, i=l 





n, = 


Thus, the loss factor for a structure could in principal be computed from loss factors of 
the individual components multiplied by the fraction of the total strain energy stored in 
that component. Furthermore, if the loss factors were assumed to be constant for all 
components, then the components which store a small fraction of the total strain energy 
(such as a joint) would contribute less to the total structural damping. This does indicate 
that a mechanism or treatment used to enhance damping should be located in high strain 
energy regions of the structure. 


4. Damping Models 


Simple models can be derived which can provide qualitative and some 
quantitative information about damping due to friction and impact. Damping due to 
friction can be divided into two categories: friction due to extensional and to rotary 
displacements. It is assumed here that friction forces are proportional to the normal force 
at an interface (i.e. Coulomb Friction Model). More elaborate friction models are 
available’? which include the effect of velocity on friction force. 


4. Friction and Impact Damping in a Truss using... 143 
4.1 Extensional Friction Damping Model 


The following is a derivation of the loss factor due to extensional displacements in 
a strut of length L containing a pinned joint at each end. Consider the joint illustrated in 
Figure 2. The pin in the end of the strut is greatly enlarged to allow the contact points to 
be more easily seen. The pin is illustrated as having an octahedral shape; however, the 
angle $ is variable. The pin is assumed to be rigidly attached to the strut and contacts the 
joint at the blocks oriented at angle B. The stiffness of each joint is modeled using four 
springs with stiffness k,. The strut stiffness is k,. The strut carries an initial load F; and a 
load F which varies as a sinusoid with time. A perfect fit of the pin to the joint (zero 
deadband) is assumed. That is, when the axial force in the strut (F+F,) is zero, the blocks 
just touch the pin with no force in the springs. The pin is in contact with either the two 
blocks on the left or the two blocks on the right, depending on whether the joint is under 
tension or compressive loading. 





Figure 2. Simple model of a pinned joint. 


As force F or F, is increased, the displacements shown in Figure 3 occur, as 
shown by the dashed lines. The displacements create a normal force F’, and a frictional 
force Fon the face of the contact blocks as illustrated in Figure 4. The pin moves 
distance u, while the block on the right is compressed distance r and slides distance s. 








= 
kj 
Fi 
Figure 3. Illustration of displacements in the simplified Figure 4. Forces on 


pinned joint. the contact block. 
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The relationships among u,, r, and s are given by: 
r= u, sinB (11) 


s = u, cosB (12) 


Summation of forces in the direction of the strut gives: 

Pr = 2a be Fy cosB) (13) 
To simplify this derivation, we will assume the static and kinetic friction coefficients are 
equal for the pin/block interface. Using a friction coefficient 1, we can define: 

F P24 Poe wey (14) 

Combining the above three equations gives: 

rh 2k,r(sinB + pcos) (15) 

It is assumed that the blocks slide continuously without sticking. Sliding begins 


when the component of the force in the strut tangent to the contact interface exceeds the 
frictional force, or: 


aE HP) cosB > 1 (F+F)) sinB 


is tanB 
m 


an! = 
ae (| (16) 


Using a typical value of .=0.2 in the above equation we obtain B<78.7° for slipping to 
occur. Thus, this analysis limits B to the value given by Eq. (16). 


Using Eq. (11), (12), and (15) we can solve for r, u,, and s as: 


2 p> 





; F+F, 
‘ 2k,(sinB + pcosB) co 
Le fy 
u..= So 
/  sinB 2k,(sinB + pcosB)sinB (18) 
F+F, 
s = u,cosB = (19) 


2k(sinB + pcosB)tanB 
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From the above relations we need to compute the energy loss during one cycle for 
a strut. If F varies harmonically, the energy dissipated by one joint during one cycle is 
obtained by multiplying the energy dissipated during a quarter cycle by four. Each of the 
two joints attached to the strut are assumed to have identical energy dissipation 
characteristics. Thus, the energy dissipation per strut is obtained by multiplying the 
energy dissipated per joint by two. At any time during a cycle, only two of the four 
blocks in each joint are in contact with the pin and creating friction losses. Therefore, the 
energy dissipated during one cycle is given by: 


8 for, ds = 16 f uke 
0 0 


AU 


ll 


2 F+F 1 
1 


= 16 [ wk, dF 
12k (sinB+pcosB) 2k (sinB +pcosB)tanB 
0 j J 





2u(F+2F,)F 





9 k,(sinB +pcosB)°tanB (20) 


Eq. (21) gives the energy stored in the strut which includes two joints during one 
cycle using F=0. Typically, the vast majority of the energy is stored in the struts and 
energy storage in the joints could be neglected. Eq. (22) gives the loss factor for the strut. 








D ZN Le. 
enctitint oc pes Nobodies etaie SoD wt UE (21) 
2k, y 2k,\ k, (sinB +pcosB)’ 
sa 
DOI AL ae Poa 
n= ae = ! a 22 
n| (sinB+ucosB) + 1|tanB 
k 


Although Eq. (22) is based on several simplifying assumptions it does provide 
some interesting insights. Figure 5 illustrates the variation in loss factor as a function of 
the angle B assuming k/k,=500 (a typical value) and F'=0 (no initial load). The loss 
factor due to material damping in aluminum is typically n=0.001. Thus, the above model 
would generally predict damping due to extensional friction to exceed material damping 
only for low values of the angle B. Since the pin is round, the actual damping may be 
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related to a weighted integrated average of the curve illustrated in Figure 5. The 
integration would need to be weighted to account for the fact that the transmitted force 


0 20 40 60 80 
B (degrees) 


Figure 5. Illustration of predicted loss factor due to friction as a function of B. 


(F) increases with angle B. This indicates that the extensional friction losses will 
generally be expected to be on the same order as material damping losses or less. The 
simplifying assumptions used in the above model may be inappropriate. Somewhat more 
elaborate models for joints with a clamping preload have been published.*!? These 
models draw essentially the same conclusion that extensional motion during contact does 
not appear to be a significant source of damping. 


If deadband motion is possible and friction is present during the deadband motion, 
damping due to extensional motion can be large. For example, a shoulder bolt could be 
used as a pin in a joint and the bolt tightened to apply a fixed preload across the joint 
interface. If F, is the bolt preload and 6 is the deadband distance, the energy loss per 
cycle would be 2uF,6. This approach is generally not desirable because of joint wear and 
the slip-stick motion which would occur. The joints would not provide damping for low 
amplitude vibrations which could not overcome the frictional forces in the joint. 
However, it could be a significant source of damping for large amplitude vibrations. 
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4.2 Rotary Friction Damping Model 


Consider the deformed and undeformed planar truss illustrated in Figure 6. The 
deformed geometry illustrates the joint rotations which will occur as the truss deforms. 
Structural stability requires at least one of the struts be rigidly attached to each joint (not 
pinned). Thus, the rotation angles shown in Figure 6 are measured relative to a reference 
strut which is assumed to be the rigidly attached strut at each joint. Note that for a given 
strut, the rotations at each end are not typically equal nor in the same direction. 
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Figure 6. Illustration of a undeformed (lower) and deformed (upper) three bay truss 
showing the expected rotations. 


The derivation of an expression for friction losses due to rotary displacements is 
based on the strut model illustrated in Figure 7 which assumes the strut has a pinned joint 
at both ends. A strut of length Z and pin radius r has an initial load, F;, in the strut. The 
pins are assumed to be rigidly attached to the strut. The struts are represented by a simple 
line while the pin is represented by a large circle for clarity. The box around the pin 
represents the joint which holds the pin in place. The load F; could be due to gravity or 
strut fabrication errors (making them too long or too short). The truss to which the strut 
is connected undergoes sinusoidal displacements causing load F to be added to the strut 
and causing rotations of 6, and 6, at joint #1 and #2, respectively. F’, 8,, and 0, have a 
sinusoidal variation with time (f) and are assumed to be linearly related as follows: 
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F = F, sin(wr) 


6, = 8,, sin(wr) 
6, = 0,, sin(wt) 
Fi = ¢ Oo. 6.0. (23) 


PAR 





deformed strut 





Figure 7. Illustration of a model for friction losses due to rotary displacements. 


The parameters c, and c, are constants determined for each strut for a given vibration 
mode. The cylindrical pins in the ends of the strut transmit the loads in the struts to the 
joints as illustrated in Figure 8. Because of the presence of a normal force (F,,) across the 
joint, a frictional force (F;) will be created as the joint tries to rotate. The force F , will 
cause a moment in the ends of the strut and a very slight bending of the strut, illustrated 
by the dashed line in Figures 7 and 8. 
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Figure 8. Illustration of normal and friction forces in a pinned joint. 


A "stick and slip" type of motion is assumed to occur. That is, during portions of 
each cycle, the joint sticks to the strut, preventing rotary slip. Figure 9 represents peaks 
in the oscillatory motion where each of the joints undergo rotations of +0,. and +0,.. 
Note that the friction induced moment acting on the ends of the strut creates rotations at 
the ends and thereby reduces the rotational slip. For example, the rotational slip of joint 
#1 is reduced by 0,,,at 6,=+6,. and by 0,, at 0, =-6,.. Note that as long as F; +0, then 
6,.; * 8,., because the normal force (F,,) has different magnitudes at the displacement 
peaks. The net rotational slip of joint #1 during one half of a cycle is given by 26,. - 014+ 
-0,,. If 20,« <0,,, +8, then no slipping occurs (the pin sticks to the joint) and 
damping due to macroslip does not occur. Similar arguments apply to joint #2. 
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Figure 9. Illustration of rotary motions in a strut with pinned joints. 
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The magnitudes of 8,,., 8,.,, 85,, and 6, need to be evaluated. Assuming that 
rotational slip occurs at both joints, the normal and frictional forces (F,, and F;) 
transmitted to the pin are illustrated in Figure 8 and are given by: 


FS bE ORE + 2) (24) 


where 1 is the kinetic friction coefficient. The moments applied to the strut at joints #1 
and #2 due to friction are given by: 
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where r is the radius of the pin and 

the sign function returns the sign of ges Ee tao 
the angular velocity. Note that M,, (i pe BY 
= +M,, if rotational slip occurs and hs Virtzinito able Innnites sa eT 
the joints have identical properties. 

The sign convention used here is 

that a positive moment acts in the 

same direction as a positive rotation Mage © Pet: 
(0, or 8,) as illustrated in Figure 7. 


Figure 10 illustrates the bending WA vite 


directions for the sign convention 

used here. Modeling the strut as a Figure 10. Illustration of the bending directions. 
simply supported beam with 

moments applied at the ends allows calculation of the end rotations as: 
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where: : 
E = Young's modulus of the strut 
I =area moment of inertia of the strut 
b= 2,if My, =-My 
= 12, if M, = M,. 


It is noted that Eq. (27) and (28) assume that both joints undergo rotational slip. If rotary 
slip does not occur at both joints (e.g., if one end of a strut is rigidly attached to a joint or 
does not undergo macroslip), then the above relationships need to be modified. 


The energy dissipated by a joint during one cycle can be computed by integrating 
the energy dissipated over one half of a cycle and multiplying the result by 2. Eq. (29) 
gives the energy loss for joint #1. 


0,-8.7 8, .-8;,, 
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The energy loss for joint #2 and the total loss for the strut are given by: 
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Au = Au, + AU, (31) 


It is assumed that the vast majority of the strain energy of the truss is attributed to axial 
tension or compression forces acting on each strut. Neglecting the energy stored in the 
joints and the bending energy due to the friction induced moments at the strut ends, the 
energy stored in the strut during a cycle is given by: 
2 
U = a (32) 
Dk; 


Ss 
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where k, is the strut stiffness. The loss factor for rotary friction losses is given as: 
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If initial strut loads are neglected (F;= 0) and the joints do not "stick" due to friction 
(0,,.= 0,.¢= 05., = 0, = 0), then Eq. (31) reduces to: 














2urk 
ls : | ~+ ; (34) 
TT Cy cy 
or using Eq. (23) we get: 
— rk, 
Ul et F (0: 57.0...) (35) 


Eq. (35) agrees with a relationship published by Hertz and Crawley." 


Examining Eq. (33), (34) and (35) provides some interesting insights. Using the 
typical values of p=.2, rk,/F. =50, and 6,. =6,. =0.001, Eq. (35) predicts a loss factor of 
10.01, which is about 10 times larger than typical values for material damping. Thus, 
significant amounts of damping are available when loaded members are rotated. If 
displacements are small, c, and c, should be constant and Eq. (34) would predict damping 
which is independent of amplitude (i.e., it is no longer dependent on F., 8,. or 65). This 
is disturbing since measured damping data from truss structures typically shows a 
decrease in damping as amplitude decreases. However, note that Eq. (33) retains 
amplitude dependence, particularly through the terms 0,,;, 8.;, 85.¢, and 8,,. By using 
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Eq. (23), the c, and c, parameters can be removed as shown in Eq. (36). 

















k ie 
Ne a 6,,) 1-4 +t] pt - 
TF, 6.. ES Fe 6., 
2 6,, yc Day F, Afr Oey 
1* ie * oF 
F. 
+ 0.3 (oe h hac a er 
O. a tie Fr OF 
6 i E, 0 
“1 Qs ft perth BL anit | 
a el alata (36) 


During the decay of a vibration mode, initial strut loads (F;) can become larger than the 
cyclic loads (F.) causing the strut to "stick" for a greater portion of each cycle, thereby 
reducing the damping. Furthermore, as gravity loads increase (thereby increasing F’), Eq. 
(36) will predict a decrease in damping. Finally, although Eq. (36) appears quite 
attractive, applying it to real structures can be difficult since it is dependent on accurate 
knowledge of initial strut loads, friction coefficients, and the amount of “stuck rotation.” 
These data are often not readily available. Thus, Eq. (36) probably has more qualitative 
than quantitative value. Nevertheless, rotational friction can be a significant source of 


damping. 


4.3 Impact Damping Model 


If a pinned joint is free 
to rotate, a small amount of 
clearance around the pin is 
usually needed. As load 
reversal occurs in a joint, a 
relative movement between the 
strut and the joint can occur 
due to the clearance. This 
relative motion allows 
impacting of the contacting 
surfaces. Figure 11 illustrates a 





Figure 11. Illustration of a simple model of a joint 
with a gap or deadband. 
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simple model of a joint with clearance (deadband). The contribution of impacting to the 
loss factor for a strut is difficult to obtain. If we assume the joint is fixed, the energy loss 
in an inelastic collision is approximated by: 


AU = ~My, (1-e”) (37) 


where: 

v, = relative velocity of the impacting surfaces 

M = "effective" mass of the truss structure 

e = coefficient of restitution 
The coefficient of restitution is a function of the material properties of the contacting 
surfaces as well as their shape. 


One of the difficulties in evaluating Eq. (37) is the proper "effective" mass to use 
in a truss structure composed of many elements. Gronet et. al.’ lists the following 
equation for estimating the loss factor in truss structures: 


2 


k 
n= —|—| (1-e’) (38) 
J 


where k, is the stiffness of the strut and k, is the stiffness of the strut joint. The 
assumptions made to derive Eq. (38) are not given. Assuming reasonable values of e=0.9 
and k,/k,=0.01 gives n=3 x 10°. Eq. (38) predicts significant amounts of damping only 
when the joint stiffness is comparable to the tube stiffness, which is unreasonable for 
most truss structures. It is suspected that Eq. (38) is too simplistic to represent this 
complicated energy loss mechanism. Furthermore, the problem of assessing the 
coefficient of restitution still remains. 


The coefficient of restitution is a function of the materials which come into 
contact and the geometry of the contacting surfaces. Lankarani and Nikravesh!> describe 
how to relate a hysteresis damping coefficient to the coefficient of restitution of a sphere 
driven by a linkage and contacting a second fixed sphere. The hysteresis damping 
coefficient can then be used to predict energy dissipation during the contact period. The 
relations derived apply to “external” contact with a Hertz based model for elasticity of the 
contact surfaces. The linkage is considered as rigid. A pinned joint would be described 
as an “internal” contact. In internal contact problems with low relative velocities, the 
stiffness and mass of structure surrounding a joint can dramatically influence the 
structural response. 


The response of the structure surrounding a joint can be an additional source of 
energy dissipation during impact. When a pinned joint traverses the deadband zone, the 
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impact which occurs at the end of that cycle transmits a step impulse to the rest of the 
truss structure. That step impulse can excite higher frequency vibration modes. Thus, 
vibration energy is transferred from the low frequency global truss modes to the high 
frequency truss modes where it is dissipated rapidly by material and friction damping 
mechanisms. This form of energy dissipation in structures using pinned joints has been 
reported by others'®'’. 


One popular method of characterizing the dynamic properties of a strut is the 
force-state-mapping technique'*'®”°?!. Sections of a truss or individual struts are 
subjected to dynamic loading and resulting displacements, accelerations, and applied 
forces are measured. From these data, a map of the force-displacement-velocity domain 
is obtained. Analytical models of strut behavior could then be fit to the surface which 
includes the effects of nonlinear stiffness and damping. These analytical models of truss 
components can then be extended to create an analytical model of the entire truss. 


The magnitude of damping due to impact in a force-state-mapping test can be 
significantly influenced by the nature of the test fixture attached to a joint. This may 
influence the accuracy of a force-state mapping procedure for determination of joint 
damping characteristics. The fixture might either encourage or discourage the rate of 
energy dissipation through impacting, as compared with behavior in a truss. Ferney and 
Folkman” report results of force state mapping tests completed with pinned joints. These 
tests showed multiple impacts occurs during each load cycle in the force-state-map tests. 
However, when mass was added to the test article, the number of rebounds and the 
magnitude were modified. Analytical models of a strut easily confirm this behavior and 
indicate that with a soft surrounding structure with sufficient mass, the rebounding can be 
eliminated and a “soft” impact is obtained. That is, by modifying the stiffness and/or 
mass of the structure surrounding a joint, the dynamic behavior and damping of that joint 
is modified. 


It is difficult to accurately predict the damping due to impact at this time. There 
are multiple mechanisms at work and they are difficult to predict. It is further 
complicated by the fact that both friction and impact damping mechanisms occur 
together. More research in this area is needed. 
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5. Measured Data 


Utah State University is currently developing an experiment titled Joint Damping 
Experiment (JDX) to fly on the Space Shuttle as a Get Away Special payload. This 
project is funded by NASA's IN-Space Technology Experiments Program and is 
scheduled to fly in July 1995. The objectives of JDX include development of a small- 
scale shuttle flight experiment which allows researchers to characterize the influence of 
gravity and joint gaps on structural damping and dynamic behavior of a small-scale truss 
and application of nonlinear finite element modeling capability to simulate the measured 
behavior. This will allow a better understanding and/or prediction of the structural 
dynamics occurring in a pin-jointed truss. 


A photograph of the 
JDX truss is given in Figure 
12. The bottom of the truss 
is attached to a base plate 
that provides a cantilevered 
boundary condition for that 
end of the truss. A rigid 
plate is attached to the top 
bay of the truss to provide a 
tip mass which lowers the 
natural frequencies. The 
excitation system can 
preferentially excite three 
modes in the truss; two 
bending modes and a 
torsional mode. The two 
bending modes are the two 
lowest frequency modes of 
the truss. These two 
bending modes are described 
as "bend |" and "bend 2" 
modes. The lacing of the 
struts separates the two 
bending mode frequencies 
so each can be easily 
identified. The torsional 
mode consists of a rotational 
motion about the long axis 
of the truss. The small 
plates attached to the tip 





Figure 12. Photograph of the JDX truss. 
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mass in Figure 1 are used by the excitation system. The damping and dynamic 
characteristics are observed by recording the free decay of the modes. 


The strut and joint design 
for an “unlocked” joint is illustrated 
in Figure 13. The aluminum struts JAM NUTS 
can be adjusted in length by turning STRUT TUBING 
the threaded strut tubes. The joints 
utilize press-fit hardened steel 
inserts to minimize joint wear. 
Hardened steel shoulder bolts are 
used for joint pins. The gap in the 
joints can be adjusted by using 
different diameter shoulder bolts. 
The JDX truss also uses “locked” 
joints which do not permit any 
deadband motion or rotations. The aunve 
locked joint design is similar to 
Figure 13 except no inserts are used Figure 13. Illustration of the design of the struts. 
and the shoulder bolts are oversized 
such that they must be press fit into the joint. Additionally, shims are installed between 
the clevis and tang pieces and the shoulder bolt is tightened to apply a high preload across 
the joint interface. Impacting and macro- 
slip damping mechanisms are not present in 
the locked joints. By locking only a 
portion of the joints in the truss, a method 
of tailoring truss dynamics is obtained. 


STAR*BAY | HUB 






HARDENED STEEL SLEEVES 


THREADED CONNECTION 


TIP MASS 


The initial tests of the JDX truss Q 
showed that with all the joints unlocked, —<ai_JIM. 
the vibration modes were almost obscured \ Dee 
with high frequency hash. The high 
frequency hash was a caused by impacting 
of the numerous truss joint gaps. It was 
clearly shown that only a few unlocked 
joints in a truss would dramatically 
influence the dynamic behavior. The flight 
model configuration of the truss has only 
eight unlocked joints located at the top of 
the first bay as illustrated in Figure 14. 





UNLOCKED 
JOINTS 























The nominal radial clearance Figure 14. Location of unlocked joints. 
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between the pins and the 
strut inserts in the JDX 
flight model truss design 
was 0.0003 inch. This 
represents a very close fit for 0.00025 inch 

a 0.1875 inch pin. This is radial 22D we 
essentially the largest pin 
which could be freely 
inserted into the joint. 
Figure 15 illustrates quasi- 
static pull tests of a JDX 
strut which has a pinned 
joint on one end and a 
locked joint on the other. 
The hysteresis behavior of 
the strut with two different 
pin diameters are shown in 
Figure 15. The 0.00025 
inch radial pin gap Displacement (inch) 

represents the class of fit 

used in the flight model Figure 15. Hysteresis in quasi-static pull tests of a JDX 
truss. The quasi-static tests strut. 

using the 0.00025 inch 

radial gap shows no clear display of deadband, but significant hysteresis due to friction. 
Imprecision in the fabrication of the pin masks the deadband in these tests, as compared 
with the 0.00055 inch radial gap. Although the gap in the joint is small, the dynamic 
effects on the truss remain significant. The quasi-static tests in Figure 15 do not reflect 
the dynamic behavior. Ferney and Folkman” reported an initial series of force-state-map 
tests of the JDX struts which demonstrate that the joint gaps give rise to multiple 
rebounds during dynamic loading. 


x 


0.00055 inch 
radial gap 


Force (pounds) 





-0.0015 -0.0010 -0.0005 0.0000 0.0005 0.0010 0.0015 


Because gravity can influence the behavior of a pinned joint, ground tests of the 
JDX truss were conducted with the truss in two orientations with respect to the gravity 
vector. Figure 16 illustrates the 0° and 90° truss orientations. The 0° orientation 
minimizes the gravity preload in the struts. Although the preload in the truss is 
minimized in the 0° orientation, it is not zero since the joints must still support the weight 
of the truss. The 90° orientation provides the maximum gravity induced strut preloads. 
It is important that the truss was carefully assembled such the preloads due imprecise 
strut lengths are virtually eliminated. That is, if gravity loads are removed, the deadband 
region is easily traversed. This turns out to be a difficult procedure in that the strut 
lengths must be set near the same level of accuracy as the joint pin gaps. In practice, this 
is difficult to obtain. 
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Figure 16. Illustration of 0° and 90° test orientations. 


Ground tests of the flight model JDX tests are illustrated in Figures 17, 18, 19, 
and 20. These figures are plots of accelerations of the tip mass in the direction of the 
excitation. The free decay of the bend 1 mode with all joints locked is illustrated in 
Figure 17. Low damping and a typical exponential decay is observed. Figure 18 shows 
the initial decay over a 1 second time period. Because the JDX truss is displaced and 
released from rest, a there is a small amount of higher mode content which quickly damps 
out. Figure 19 illustrates the decay of the bend 1 mode for a truss in the 0° orientation 
with eight unlocked joints. Note the rapid decay and the large amount of high frequency 
hash in the decay. Also the frequency is about 10% lower when compared with the truss 
will all locked joints. Figure 20 illustrates the decay of the bend 1 mode with the truss in 
the 90° orientation and with eight unlocked joints. Note that damping is decreased 
relative to the 0° orientation test but the damping is still much greater than that of a 
locked truss. Note how the initial decay is not symmetric about the equilibrium position. 
The accelerometers used are Kister K-Beams which produce a DC output and since the 
accelerometer is oriented in the direction of the gravity vector, it reads approximately 1 g 
at equilibrium. An acceleration of 0 g’s coincides with the position where the joints 
supporting the weight of the truss would traverse their deadband region. Clearly, when 
the highly loaded joints traverse the deadband region, the dynamics of the truss are 
greatly modified. The damping is reduced significantly when the amplitude of the peak 
accelerations drops below 1 g since the active joints remain under preload at all times. At 
small amplitudes, the damping approaches that of the truss with all joints locked. The 
bend 2 mode recorded similar behavior. 


The results reported above are similar to those reported earlier for the JDX 
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engineering model truss”. Damping of the truss can be inferred from the logarithmic 
decrement of the decay if we treat the truss as a single degree of freedom system and 
assuming energy is not transferred to other modes. Reference 23 reports the logarithmic 
decrement of the bend 1 mode for the locked, 0°, and 90° truss orientations as a function 
of acceleration amplitude. It was reported that: 


1) damping rates can change by a factor of 2 to 5 as a result of simply 
changing the orientation of a truss; 

2) the addition of a few unlocked joints to a truss structure can increase the 
damping by a factor as high as 40; 

3) damping is amplitude dependent; 

4) at low amplitudes the damping in the 90° orientation approaches that of 
the locked truss. 


At low amplitudes, strut preloads may discourage a macroslip mode of friction damping 
as well as impacting. In this case, one would expect the damping to approach that of a 
locked joint. Although the damping becomes smaller at low amplitudes in the 0° truss 
orientation with unlocked joints, it is still significantly higher than the truss with locked 
joints. 


The high frequency hash in Figures 19 and 20 is suspected to be caused by 
impacts occurring in the joints. This is more clearly shown in Figure 21 which shows the 
first 0.6 seconds of the decay in Figure 20 for the 90° truss orientation. Figure 21 shows 
that the occurrence of the high frequency hash corresponds to the traversal of the 
deadband region. After approximately 0.4 seconds, the highly loaded joints can no longer 
traverse the deadband region and the high frequency hash becomes greatly diminished. 


Although the test results indicated that impacting is a significant source of 
damping in pinned joints, friction is also suspected to provide a significant source of 
energy dissipation. The joints which carry the majority of the load in the 90° orientation 
tests with unlocked joints should not be traversing the deadband zone after the amplitude 
drops below 1 g. Lightly loaded joints in the truss could still be traversing the deadband 
zone, but the magnitude of the impacts ought to be small. Thus, much of the damping 
from the 90° tests with unlocked joints is suspected to be predominately from a friction 
mechanism. 
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Figure 17. Decay of the bend 1 mode with the truss in a 0° orientation with all joints 
locked. 
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Figure 18. Initial decay of the bend 1 mode for a truss will all joint locked. 
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Figure 19. Decay of the bend 1 mode with the truss in a 0° orientation and 8 unlocked 
joints. 
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Figure 20. Decay of the bend 1 mode with the truss in a 90° orientation and 8 unlocked 
joints. 
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Figure 21. Initial decay of the truss in the 90 orientation with eight unlocked joints. 


6. Nonlinear Finite Element Model of a Joint 


An effort is made here to describe a simple nonlinear finite element model of a 
joint which has clearance fit pins. The objective is to try to keep the model as simple as 
possible and yet capture the most important features of the joint’s behavior. Figure 22 
illustrates the model. The coordinate system in Figure 22 is aligned such that the x axis is 
aligned with the strut and the y and z axes are orthogonal to the x axis. Elements 1 and 2 
represent beam elements used to model the structural portion of the clevis and tang, 
respectively. Elements 3 and 4 are gap elements used to model the deadband in the truss. 
These gap elements provide a very high stiffness when the gap is closed and a very small 
stiffness when it is open. Two gap elements are needed; one which closes when the strut 
is in tension and the other closes when the strut is in compression. The gap elements also 
support sliding friction when the gap is closed. Note that nodes 5 and 6 for these two 
elements are to be offset in the x direction by the radius of the pin. Thus if the pin rotates 
while the gap is closed, friction in the gap elements can provide damping. Also, the 
normal force across these gap elements (and thus the friction force as well) changes as the 
load on the strut changes. Elements 5 and 6 are also gap elements. These elements have 
a fixed preload across them and are closed at all times. Elements 5 and 6 provide a 
friction force during the deadband region. Note that nodes 7, 8, 9, and 10 are offset in the 
y or z directions by the radius of the pin so that elements 5 and 6 provide friction to resist 
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both translations and rotations. Element 7 is a viscous damping element to provide an 
equivalent viscous damping parameter for the joint. Element 8 is a multipoint constraint 
element. Element 8 forces the y and z translational degrees of freedom of nodes 2 and 3 
to be identical. Thus, nodes 2 and 3 are a hinge point. Note that in general, nodes 2 and 
3 would be coincident and rigid elements would be needed to connect node 2 to nodes 5, 
7, and 8 and to connect node 3 to nodes 6, 9, and 10. 





ELEMENT 
NUMBER DESCRIPTION 


a BEAM ELEMENTS 

4 GAP ELEMENTS TO SIMULATE DEADBAND AND FRICTION 
»6 GAP ELEMENTS TO SIMULATE FRICTION 

7 VISCOUS DAMPING ELEMENT 

8 MULTIPOINT CONSTRAINT 


Figure 22. Simple finite element model of a pinned joint. 


The above model is simplistic. It can capture the quasi-static behavior illustrated 
in Figure 15. It can also examine driving of higher modes as the gaps close. 
Nevertheless, selection of friction coefficients, gap element preloads, and viscous 
damping coefficients is not a simple process. Furthermore, even though this model is 
simple, difficult convergence problems can occur if the truss being modeled has a large 
number of pinned joints. Much work in this area remains to be done. 
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7. Conclusions 


If a truss structure utilizes a pinned joint with clearance fit pins, the joints can 
become the primary source of damping in the structure. The resonant frequency and 
driving of higher modes are also significantly influenced. The mechanisms of joint 
damping are not well understood. A review of literature related to joint damping is 
presented. 


Expressions for damping due to friction caused by either extensional or rotary 
motions were derived. If deadband is neglected, damping due to friction is small for 
extensional motions of a strut. A significant source of damping can be caused by 
extensional motions if friction forces are present during deadband motion. Rotary 
friction can be a significant source of damping. An expression is derived for damping 
due to rotary motion which possesses amplitude dependence. Friction damping should be 
usually become small as the amplitude of oscillations gets small. A slick-slip motion 
should gradually terminate and damping shifts from a macroslip mode to a microslip 
mode. 


Measured data for a three bay truss containing eight pinned joints was presented. 
The measured data clearly shows that as gravity induced preloads are decreased, damping 
increases. Impacting is demonstrated by the observation of high frequency hash in the 
decay data. Driving of higher modes by impacting is suspected to be a significant source 
of damping. High preloads in the 90° truss orientation can prevent impacting in the 
joints carrying the majority of the loads (as long as the amplitude of the oscillations is 
smaller than 1 g). Damping in this time period should be dominated by friction losses. 
Measured data confirms that friction damping is a significant factor. 


A simple nonlinear finite element model of a pinned joint is presented. The 
model is simplistic. Because nonlinear solutions can require large solution times and gap 
elements can have severe convergence problems, a simple model that captures the most 
important joint features would be advised as a beginning point. Determination of friction 
and equivalent viscous damping parameters for the nonlinear finite element model is 
difficult. Much work in this area remains to be completed. 
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DESIGN OF A FRICTION DAMPER 
TO CONTROE VIBRATION OF TURBINE BLADES 


JHY-HORNG WANG 
Department of Power Mechanical Engineering 
National Tsing Hua University 
Hsin Chu, Taiwan, R.O.C. 


ABSTRACT 


Friction damping can be found everywhere in daily life, yet it is difficult to design an 
effective, practical friction damper. One of the few successful examples of a practical 
friction damper is the friction damper used in turbine blades. In this chapter, the damper 
used to control the vibration of blades is adopted as an example to discuss the key points 
involved in designing a friction damper. First, the theoretical model of friction interfaces is 
presented, and the verification of the model by experiment is described. The friction 
damper used in quasi-solid blades is then used as an example to illustrate in detail the 
process of designing a friction damper. 


1. Introduction 


Friction can dissipate energy, and the friction damper is a typical device used to 
reduce the vibration of a structure. Theoretically, a friction damper is a powerful 
device to control the vibration of a structure; in practice, however, friction dampers 
have been used successfully in only a few types of applications. One such successful 
application is the friction damper used in turbine blades. 

Two types of construction have been used in turbine blades: free-standing blades, 
and grouped (or packet) blades. In the free-standing blade design, each blade stands 
alone; in the grouped-blade design, several blades are grouped together into a packet 
using a shroud or tie-wire. A blade-to-ground friction damper can be used with free 
standing blades to control the blade vibration, as shown schematically in Fig. 1. In the 
grouped-blade design, the shroud interfaces and the interfaces between the tie-wire and 
blades provide a so-called blade-to-blade friction damper, as shown schematically in 
Figs. 2 and 3, respectively. 

Both the blade-to-blade and blade-to-ground dampers can dissipate vibration 
energy only when relative motion (slipping) occurs between the friction interfaces. 
Hence, the modeling and analysis of the relative motion between the friction interfaces 
is the key problem in designing a friction damper. The frictional characteristics of the 
friction interfaces in turbine blades fall into the category of dry friction. There are two 
theoretical approaches to model dry friction interfaces: the macroslip and microslip 
approaches. In the microslip approach!.2, a relatively detailed analysis of the friction 
interfaces must be carried out. Generally speaking, the microslip approach can provide 
more accurate results only when the normal preload between the interfaces is very high, 
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Fig. 1 Single blade with blade-to-ground damper 


Shroud Interface 


Fig. 2 Groupped blade with integral shroud 
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‘my 


Fig. 3 Groupped blade with loosing tie-wire which is brought into 
contact with the blade via centrifugal force 


relative velocity 


Fig. 4 Friction coefficient as a function of relative velocity of contact 
interface 
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and at the expense of higher computational effort. In the macroslip approach3-5, the 
entire surface of the friction interface is assumed to be either slipping or stuck. This 
simple assumption is one reason for the widespread popularity of the macroslip 
approach; a second reason is that the friction interfaces can dissipate energy efficiently 
only when apparent macroslip and stick occur. In other words, an effective friction 
damper generally must have apparent macroslip between the interfaces. Therefore, the 
macroslip approach has been widely accepted for modelling the friction interfaces. 

In most research on the macroslip approach, the friction coefficient between the 
interfaces has been assumed to be constant or to have two discrete values, one 
representing the static friction coefficient, the other the dynamic friction coefficient. 
However, experimental results®-9 have indicated that the dynamic friction coefficient is 
dependent on the sliding velocity of the contact surfaces, especially when stick-slip 
motion occurs. The fact that the friction coefficient during sliding is smaller than the 
static friction coefficient can be explained by imagining that the asperities on one 
contact surface can jump part of the way over the gap between the asperities on the 
other surface. As a consequence, the effective roughness is reduced. Experimental 
results®-8 have shown that the friction coefficient decreases exponentially with relative 
velocity. A graph of a typical dry friction coefficient vs. the relative velocity of the 
contact surfaces is shown in Fig. 4. In this chapter, the dynamic behavior of blades with 
constant and variable friction coefficients will be discussed. 

Two important factors may affect the damping capability of friction interfaces. 
The first is the normal load of the interfaces, and the other is the orientation of the 
interfaces relative to the direction of vibration. The orientation of the shroud interfaces 
of blades not only-can alter the damping and stiffness coupling among the blades, but 
also cause the slip load to vary dynamically during the vibration cycle. 

In this chapter, the modeling of the friction interface will first be discussed. The 
application of a friction damper to reduce the vibration of turbine blades will then be 
discussed in detail. 


2. Dynamic Modeling of Friction Interfaces 


Before one can apply a friction damper to reduce the vibration of a structure, one 
must be able to model the motion of the friction interfaces exactly. For simplicity, we 
consider a rigid body moving on a rough surface, as shown in Fig. 5. The rigid body 
with mass m is subjected to a normal force N and a tangential external force f. If the 
external force f is large enough, the rigid body will begin to move. The process from 
rest to motion can be separated into several steps, as shown in Fig. 6. When the 
tangential force f is applied, the locked asperities begin to deform and the rigid body 
begins micro-motion. When the tangential force becomes large enough, the asperities 
are completely deformed and are no longer locked together; the body then begins to 
slip on the surface. 
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Fig. 5 A rigid body moving on friction surface 


According to the model in Fig. 6, the motion of the rigid body can be represented 
by the model shown in Fig. 7. The mass m represents the rigid body and the block 
behind the mass m represents the effect of the asperities. The spring, Ky, between the 


block and the mass m denotes the shear stiffness of the asperities. When the motion of 
mass m begins, the asperities are locked together and the mass m is subjected to the 
spring force, Kg(x-y). When a sufficiently large displacement x is reached, the spring 


force makes the asperities yield completely, and slipping occurs. While slipping, the 
mass is subjected to dry friction force, uN sign (y). So the y in Fig. 7 can be regarded 


as the motion of the friction damper. 
According to this model, the equation of motion for the rigid body can be written 


as 
MmxX= ft fn (1) 


where f is the external force indicated in Fig. 5 and f, is the friction force due to the 
contact interfaces. If N and Kg represent the static normal load of the rigid body and the 
shear stiffness of the asperities (damper), respectively, the friction force f, can be 


expressed as, 


Pes \ Ka(x- y) when y = 0 Q) 


—pNsign(y) when y # 0 


where y is the displacement of the damper and yz is the kinetic friction coefficient. Note 


that when »=0, the damper (asperities) is stuck, while when y #0, the damper is 


slipping . As shown in Fig. 4, the kinetic friction coefficient is an exponential function 
of the relative velocity. Therefore, the kinetic friction coefficient can be expressed 
approximately as 
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(a) shroud contact 
interface 
micoscopic 
lf if ; view 
(b) elastic 
| : . deformation 
oe) elastic 
deformation 
(d) 
slipping 


Fig. 6 Microsopic view of the friction interfaces 
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Fig. 7 Model representing the relative motion between friction inter- 
faces 





Fig. 8 Model of one-mode system 
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yw=atbexp | (3) 


where a, b, and d are constants. Note that if y =0, then yw is equal to w,=at+b. The 
it, tepresents the static friction coefficient. The constant a is the lower bound of the 


kinetic friction coefficient and a+b =, is the upper bound. The constant d can be 


regarded as the decay rate of the kinetic friction coefficient with the sliding velocity of 
the damper. The actual values of a, b, and d depend on the conditions of the friction 
surfaces and generally can be determined only by experiments in which the friction 
force and the sliding velocity are measured simultaneously. However, for general metal 
contact surfaces, d=1 ~2 s/m is a reasonable value. 

If the damper (i.e., y) is sticking, then the velocity of the damper must be zero; if 
the damper is slipping, then its velocity must be equal to the velocity of the mass (i.e., 
x). Therefore, the term y should be 


0 h — /K 
p=] when |x y| < uN d (4) 


x when lIx-y|>uN/K, 


Eqs. (2) to (4) are the equations of motion of a friction damper. They can be coupled to 
any structure to provide friction damping. In the next section, a single turbine blade will 
be used as an example to explain the application of a friction damper. 


3. Single Turbine Blade with a Friction Damper 


A typical single blade with a blade-to-ground friction damper is shown in Fig. 1. 
Fig. 1 shows that the friction damper is attached to the blade root. If the blade has an 
integral shroud at the blade tip, then the friction damper should be attached to the blade 
tip. If the blade is discretized by the finite element method, then the equation of motion 
of the blade can be written as 


[M]{U} + [CHU} +[K]{U} = (F} + (F,} (5) 


where {U} is the generalized displacement vector; [M], [C], and [K] are the mass, 
material damping, and stiffness matrices; and {F} and {F,,} are the linear external force 


and non-linear friction force vectors. Eq. (5) is a nonlinear equation that can be solved 
by direct time-step integration with iterative process, such as the Runge-Kutta method. 
However, Eq. (5) generally has many degrees of freedom, and thus solving this 
equation directly is very time consuming. Generally, a violent vibration appears only 
when the blade is subjected to an excitation force with a frequency near one of the 
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Fig. 9 Single blade with friction interfaces on both sides of the shroud 





Displacement sensor 


Nappty 


Fig. 10 Measurement of friction coefficient 
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natural frequencies of the blade. Therefore, equation (5) can be reduced to a single 
degree of freedom by one-mode approximation, as shown in Fig. 8. The equation of 
motion of the single-mode model can be written as 


mxk+cx+kx=f+fp, (6) 


where f is the external excitation force and f,, is the friction force. N and Kg in Fig. 8 


represent the static normal preload of the friction damper and the stiffness of the 
damper in the direction of relative vibration. The friction force, f,, can be expressed as 


Eq. (2). Note that Eq. (6) is a transformed equation; the relations between N and N,, {f,} 
and {F,}, 4 and My» and Ky and Kg can be found in Appendix A. 


Although Eq. (6) is a nonlinear equation with one degree of freedom only, direct 
time-step integration is still very time consuming. A harmonic balance method with 
many harmonic terms has been proposed by Wang!9. The main advantage of this 
method is its computational efficiency: it requires only about one-tenth of the computer 
time needed for the direct integration method. 


3.1. Verification of the Friction Model 


The accuracy of Eq. (5) depends mainly on the model of the friction interfaces, 
1.e., {F,}. The simplest way to verify the model of the friction interfaces is to 
investigate the dynamic behavior of a single blade with friction interfaces. Fig. 9 shows 
that a single blade with an integral shroud at the tip is constrained with a known normal 
preload at the shroud interfaces. One can measure the responses of the blade when 
subjected to different exciting force levels with different normal preloads, and then 
compare the experimental results with the theoretical results obtained from Eq. (5). 
Before the comparison can be made, however, the friction coefficient and the stiffness 
of the friction interfaces, i.e., K, in Fig. 1, should be determined. The static friction 


coefficient of the shroud interfaces for the blade in Fig. 9 was determined 
experimentally, as shown in Fig. 10. The interfaces of the shroud were constrained by a 
rigid framework with a known normal preload. A force that would cause the shroud to 
slide along the interfaces was applied gradually. Once a gross slip of the shroud was 
detected, the static friction coefficient could be determined. The static friction 
coefficient was found to be 0.058. The shear stiffness of the shroud interfaces was very 
difficult to determine experimentally. According to the experimental results of 
Burdekin!!, the shear stiffness of ground-ground cast iron surfaces is about 1.1 Xx 
107N/cm. The blade in Fig. 10 was made from stainless steel, and thus the shear 
stiffness of the shroud interfaces can be estimated by, 
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Ki =Kre x = (7) 


Cc 


where K;, is the shear stiffness of cast iron and E, and E, are the elasticity moduli of 
stainless steel and cast iron, respectively. So the shear stiffness of the shroud interfaces 
was assumed to be K; = 1.35x107N/cm. In the theoretical simulation, it was assumed 
that the friction coefficient was constant. The effect of a variable friction coefficient 
will be discussed later. 

Figs. 11 and 12 show the forced responses as a function of excitation frequencies 
with normal preload No=40N and excitation force amplitude Fo=0.5N and IN, 


respectively!2. Nonlinear behavior can clearly be observed, in that the responses are 
not proportional to the amplitude of the exciting forces. The results in Figs. 11 and 12 
indicate that the model of the friction damper is reasonable, even though the friction 
coefficient is assumed to be constant. The model in Fig. 9 was used only for the 
verification of the friction model, it did not exist in the actual turbine. In the actual 
turbine, the blades are brought into contact via shrouds with neighboring blades by the 
oversize of the shrouds circumferentially or by centrifugal force, which tends to untwist 
the airfoil as the engine speed increases. Blades with integral shrouds coupled 
circumferentially are generally called quasi-solid blades. The problem of designing a 
friction damper for quasi-solid blades will be discussed in the next section. 


4. Design of Friction Damper for Quasi-Solid Blades 


Quasi-solid blades are coupled by shroud-interfaces. In other words, the blades are 
coupled together through friction dampers. So the considerations involved in designing 
a friction damper for these blades are different from those for a single blade. It is more 
difficult to control the normal preload of the friction interfaces. The values of the 
normal preload at the shroud interfaces may be quite different from blade to blade 
because of manufacturing and assembly tolerances. This problem is generally referred 
to as mistuning of the static preload. The responses of the coupled blades are more 
complicated than that of a single blade. As a consequence, it is more difficult to design 
friction dampers (i.e., shroud interfaces) to control the vibration modes. In this section, 
some of the problems involved in designing friction dampers for quasi-solid blades will 
be discussed. 


4.1. Mathematical Formulation!3 


A typical blade with integral shroud at the tip is shown in Fig. 13. The direction 
from blade root to tip is defined as the Z axis, and the circumferential direction of the 
assembled blades is defined as the X axis. Generally, the shroud is relatively rigid in 
comparison with the blade itself. Hence, the shroud can be considered as a lumped 
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Fig. 11 Response of the blade in Fig. 9, preload No=40N, exciting 
force Fo=0.5N (Ref. 15) 
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Fig. 12 Response of blade in Fig. 9, preload No=40N, exciting force 
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mass with three degrees of freedom, U, V, and @ which will be coupled with the 
neighboring blades at the tip,-as shown in Fig. 14. Here U, V, and @ represent the 
displacements in the X and Y directions and the rotation about the Z axis, respectively. 
When the blades are assembled on the disk, the intersection of X axis and the plane of 


the shroud interface forms a angle, £,, as shown in Fig. 14. The displacements in the X- 


Y coordinate system can be transformed into a new coordinate system H-G, which is 
tangential and normal to the shroud interface. So the degrees of freedom of the i-th 
blade, U;, V;, 9; , with which the blade is coupled to the neighboring blades become 


h; cosh, ,sinB, ,0}/U; 
g,=|-sinf, .cosf, .0}V; (8) 
a 0 ,0 AIG 


where h;, g; , and 6 are the degrees of freedom in th H, G, and Z directions, 


respectively. The relative motion at the blade tip between the i-th blade and the (i+1)- 
th blade in H-G coordinates is 


Ah; = hi — hi+i 


(9) 
NG OS cael Bi) 


assume that the motion is restricted elastically so that the normal load at the shroud 
interface, N,, is given by 


Nu = Noi + Kg Ag, for Ny 2 0 (10) 


where N,; is called the dynamic normal load, and N,; becomes zero when shroud 
separation is imminent. N,; is the static compressive preload between the i and (i+1) 
blades, and Kg is the stiffness of the shroud interface in the G direction. According to 
Eq. (10), the normal load of the friction interfaces varies with the motion of the blades. 
This is an important characteristic of the friction damper in quasi-solid blades. The 
effect of the variable normal load on the dynamic behavior of the blades will be 
discussed later. 

The elastic force at the shroud interfaces in the G direction and the friction force in 
the H direction vanish when shroud separation occurs, i.e., Nj; S 0. 

If separation occurs, the blades will be subjected to impact force, which may 
enhance the failure of the blades. According to Eq. (10), N,; S 0 only when Ng; is too 


low or the relative vibration Ag, is too large. Thus the static normal preload No; should 
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Fig. 13 Blade with integral shroud at the tip 





Fig. 14 Shroud geometry (top view) 
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be designed to prevent any separation. The friction interfaces can then be modeled as 
shown in Eq. (2), i.¢., 


(11) 


ate fs Kalhi-y,) —— when|h,— ¥)|< #Nu! Ka 


—N, sign(A h;) when|h, = y|| =MNiul Ka 


where Kg represents the shear stiffness of the interfaces in the H direction. For 


simplicity, assume that the friction coefficient “2 is constant. Then y, should be 





1 h i-y; pl 


h when|h — y,| 2 Ny! Ka 


With the model of the shroud interfaces, the system equation of motion of the 
quasi-solid blades can be written as 


[M]{U} +[C]{U} + [K]{U} = {F} + {Fy} (13) 


where {F,,} is the nonlinear friction force vector. Solving Eq. (13) directly by 


numerical iteration is impractical, because the nonlinearity arises only from some local 
points in the structure, i.e., the shroud interfaces. An effective computational procedure 
based on the concept of component mode synthesis!4 can be adopted to reduce the 
DOF of Eq. (13). First, one divides the assembled blades into N identical substructures, 
i.e., each single blade represents a linear substructure. The interior displacements of 
each substructure can be expressed in terms of the boundary displacements (i.e., the 
displacement of the shroud) by static condensation and supplemented by a few lowest 
modes of the substructure. The condensed equations of motion of all the substructures 
are then coupled together through the nonlinear joints (the shroud interfaces). 

The vector {F} in Eq. (13) is the external force. The most important external force 
for the turbine blades is the nozzle wake flow. The nozzle wake excitation can be 
expressed in the form of Fourier series as 


CO 
fri = LD Ap cos(kKQt + ax) 
k=1 f 
(14) 
_ Iak(i-1) 


Ak 
No 
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where f,; 1s the nozzle wake excitation force acting on the i-th blade in the tangential 
direction (X-direction), (2 is the rotational speed of the disk, and Nj, is the total number 


of blades on the disk. Similarly, the axial force and moment in the Z direction may 
have the same form as that in Eq. (14). The forced vibration of quasi-solid blades will 
be discussed below. First, however, some design considerations relevant to friction 
dampers are discussed briefly in the next section. 


4.2. Design Parameters of a Friction Damper 


There are two basic parameters that control the characteristics of a friction damper, 
1.e., “& and N. The friction coefficient ~ depends mainly on the material and 
roughness of the contact interfaces. It is difficult to design a desired value of wu to 
obtain an optimal friction damper. Hence the normal load N is the most important 
parameter in designing a friction damper. 

The normal forces of quasi-solid blades may vary from blade to blade, as indicated 
by Eq. (10). However, results reported in the literature!3 indicate that if lift-off 
(separation) does not occur between the interfaces, the responses of quasi-solid blades 
predicted by using variable normal load are nearly the same as those predicted by 
constant normal load. Because lift-off may cause serious impact excitation, the static 
preload Ng generally is designed to prevent possible lift-off. In other words, for 
simplicity the model of constant normal load can be used in practice. If the model of 
constant normal load is used, then Eq. (13) can be normalized with respect to external 
excitation force. In other words, Eq. (13) can be written in dimensionless form in a 
manner such that the slip load is divided by the excitation force. The vibration 
amplitude will then vary according to the static normal load Ng for a constant excitation 


force or according to the excitation force for a constant static preload. So, the 
normalized slip load 44 No/ Fo is the first important design variable, where No is the 
static normal load and fo is the amplitude of the external excitation force. Note that 


each blade of the quasi-solid blade system is subjected to an external force with same 
amplitude but with different phase angle, as indicated in Eq. (14). This is why a single 


value of 44No/ Fo can be found for quasi-solid blades. If the external excitation 


frequency is known, it is possible to find an optimal value of 42 Ng/ Fo at which the 
blade system has minimum vibration amplitude. However, a friction force is provided 
by the shroud interface, which has a certain orientation relative to the tangential 
direction (X-axis), as shown in Fig. 14. Different orientations of the interface will 
provide different friction forces for different directions. Therefore, the optimal value of 


LNo/ Fo can't be determined without considering the orientation of the interface. 
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In summary, the normalized slip load 44 No/ Fo and the orientation of the shroud 


interface are the two most important design factors of a friction damper for quasi-solid 
blades. The design of these two factors will be discussed in detail in the next section. 


4.3. Design of Optimal Interface Angle!> 


The shroud interface has two basic functions: to provide friction damping and to 
provide stiffness coupling among the blades. Thus, the angle of the shroud interface 
can affect both the damping and coupling stiffness. This is why the interface angle is an 
important design factor in a friction damper. 

The shroud interface generally is a plane surface for manufacture simplicity. An 
angle, £, must first be defined to indicate the orientation of the shroud interface. The 
angle # is defined as the angle formed by the shroud interface and the direction of 
vibration of the shroud of a free-standing single blade at its first natural frequency. For 
example, if the vibration direction of the shroud of a single blade at its first natural 
frequency is -12 degrees relative to the X axis (the tangential axis), then the angle £ is 


B= B,-(-12°) 


where / is as defined in Fig. 14. 

Before discussing the optimal design of the angle 8, we must explain two 
important characteristics of the forced response of quasi-solid blades excited by the 
wake flow. The first characteristic is that all blades experience the same vibration 
amplitude at a given excitation frequency. The second characteristic is that the 
vibration mode with all blades vibrating in phase cannot be excited except when k/Nj, 


in Eq. (14) is an integer. Thus if vibration due to wake excitation is a serious concern, 
one should pay more attention to the out-of-phase resonant vibration. A pretwisted 
blade generally has a bending-bending or bending-torsion coupled vibration mode. 
However, if the bending vibration is dominant in the tangential direction, then for 
simplicity the vibration mode can be considered as a tangential mode. In the following 
discussion, the tangential out-of-phase vibration and axial out-of-phase vibration will 
be discussed separately. The blade used for simulation has a pretwisted and tapered 
cross-section. 

The first out-of-phase tangential vibration mode will be used here to show how to 
minimize the resonant vibration by properly designing the angle of the shroud interface. 
The first out-of-phase tangential mode has a maximum deflection at the midpoints of 
the blades, and the shrouds remain nearly stationary without displacement. It is useful 
to normalize the maximum vibration of the quasi-solid blades, Ag by the maximum 


amplitude of the first tangential mode, Ao, of a free-standing single blade subjected to 


the same excitation force. Because the free-standing blade does not have coupling, the 
normalized value can show the effect of coupling. The normalized maximum 
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Fig. 15 Response spectra for different slip loads, (a)8=90° ; (b)@=70° 
; (c)B=40° ; (d)8=10° (Ref. 15) 
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amplitude A,/Ao is shown in Fig. 15 for B=10, 40, 70 and 90 degrees as functions of 


the normalized excitation frequency, w/@,, with normalized slip load 44No/ Fo as 
parameter. Here, Ag is the blade tip displacement of the first tangential mode of a free- 
standing single blade subjected to the same excitation force as the quasi-solid blades, 
and q, is the first natural frequency of the free-standing single blade. 

The result in Fig. 15(c) shows that the peak responses near @/q@,=1.9 are 
gradually reduced with decreasing static preload until no apparent peak appears. If the 
static preload is further decreased, a new peak response will appear near q@/@,=1.1. 
The appearance of a new peak near w,, which will be referred to here as the "weak 
coupling effect", occurs when the normalized slip load (or static preload) is below a 
certain value. The characteristics of the "Weak coupling effect" are: (1) each blade 
behaves like a free-standing single blade; (2) a large slip displacement occurs at the 
shroud interfaces; (3) the peak frequency is near the first natural frequency of the free- 
standing single blade. How to select a minimum static preload so as to avoid the weak 
coupling effect will be discussed later; first we will discuss the effect of the angle 6 on 
the resonant responses. If the static preload is high, then the resonant response is 
smaller for a larger angle Z. Conversely, if the static preload is low, then the resonant 
response is smaller for a smaller angle 8. To clarify the effect of 6 on the resonant 
responses, the maximum responses were calculated as a function of the normalized 
friction force, 44 No/ Fo. for different value of 8. The results are shown in Fig. 16. 


One can see that #=10° has the smallest amplitude in the range from 44 Ng / Fo =30 to 
120. which will be referred to below as the "damping region". The reason for this result 
is that a small £ will provide larger damping in this range, because the direction of 
vibration is more nearly parallel to the shroud interface for a small angle 8. However, 
if the preload is increased to a higher range, the stiffness region, then no slip will occur 
and the vibration will be controlled by the stiffness in the tangential direction. A small 
angle # angle has a soft stiffness in the tangential direction provided by the shear 
stiffness of the shroud interfaces. As a consequence, a small 8 may cause a large 
response. Note that the shear stiffness Kg generally is smaller than Kg. The above 
discussion leads to the following conclusion: to minimize the out-of-phase tangential 
resonant vibration, a small angle @ and a small static preload should be selected; 
however, the static preload should not be so small as to cause weak coupling to occur. 
The remaining question is how to determine the smallest static preload, called the 
critical preload, so as to avoid the weak coupling effect. 

Because the weak coupling effect is accompanied by slip between the shroud 
interfaces, the critical preload, N,,, is the smallest static preload that will prevent the 


slipping under a certain excitation force. So N,, must satisfy the following equation: 


UN ., = Ka Ahn (15) 
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Fig. 16 Maximum responses of the out of phase tangential resonant 
vibration versus slip loads for different @ angles 
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Fig. 17 Maximum responses of the out of phase axial resonant vibra- 
tion versus slip loads for different 6 angles 
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where Aj, is the maximum elastic displacement of the shroud (caused by the elastic 
deformation of the asperities before slipping) between the shroud interfaces in the H 
direction. According to the model of Eq. (11), if there is no slipping between the 
shroud interfaces, the structure of the quasi-solid blades is linear. If the number of 
blades N,, the speed order k in Eq. (14), and Kg are determined, then Af, 1S 


proportional to the magnitude of the excitation force in the H direction, F i because of 


the linearity of the structure. However, if Nj and k are variables, and Kg and Fg are 
fixed, then Af, is proportional to N,/k. Furthermore, if Kg is a variable, then Ahj, is 
proportional to 1/Kq , because the displacement is proportional to the reciprocal of the 


stiffness. Therefore, if F p> Nj, k, and Kg are all variables, then Ah», is proportional to 
FgNob/kKa- From Eq. (15) one has, 


= Ka Ahn 
Lu 
a Ka FeNo 
fed kK Ka 
i FpN>5 
” 


Ne 


(16) 


where © represents the proportional relationship. Note that Kg bears no relation to the 
critical preload. The result indicates that if the number of blades is large or the 
harmonic order of the wake excitation is small, the weak coupling effect may easily be 
induced by insufficient preload. We can conclude that: to minimize the out-of-phase 
tangential resonant vibration, a small angle £ and a static preload somewhat larger than 
N,, should be selected. 

The behavior of the out-of-phase axial resonant vibration is similar to that of the 
out-of-phase tangential resonant vibration. Fig. 17 shows the maximum response of the 
out-of-phase axial resonant vibration as a function of the normalized friction force for 
different values of 8. One can see that when the friction force is large, a larger 2 will 
cause a larger response. This is because in the stiffness region Ky offers softer stiffness 
coupling in the axial direction for a large angle 6. Note that Kg represents the shear 
stiffness of the asperities and generally is smaller than Kg. The result in Fig. 17 also 


shows that a small static preload will reduce the response for all values of B. This is 
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quite different from the case of the tangential resonant vibration. The reason for this 
result is that the stiffness coupling in the H direction is always smaller than that in the 
G direction, so energy can be dissipated due to significant relative displacement of the 
interfaces for all values of @ in the damping region. Of course, a larger # will make 
the damping of the interfaces more efficient, because when # is large the axial 
vibration is more nearly parallel to the shroud interfaces. However, a small @ will offer 
stiffer coupling in the axial direction, which will reduce the maximum response. 


4.4. Conclusions 


The quasi-solid blades are brought into contact via the integral shrouds by the 
oversize of the shrouds circumferentially or by centrifugal force, which tends to untwist 
the airfoil as the turbine speed increases. The damping effect provided by the shroud 
interfaces depends on three basic parameters, i.e., 44, No, and the orientation of the 


interfaces. The angle (orientation) of the shroud interface can alter not only the 
damping but also the coupling between the blades. Hence the angle of the shroud 
interface is a very important design factor for controlling the vibration of the blades. 
Generally, a small interface angle is superior than a large interface angle in minimizing 
the resonant vibration caused by wake flow. However, a critical static preload 


proportional to Fg N,/ x k should be selected to prevent weak coupling effect. A 


small shroud angle has the above mentioned advantage, but it may be more sensitive to 
preload mistuning than a large shroud angle! To avoid this shortcoming, a more 
complicated shroud interface can be used, such as that shown schematically in Fig. 18 
which is no longer a simple plane. Of course, the manufacturing cost of a more 
complicated shroud interface may be higher, and the contact normal force may become 
more difficult to control. 


> 


5. Effect of Variable Friction Coefficient!7 


Eq. (3) shows that the friction coefficient is a function of the relative velocity of the 
contact surface. If the friction coefficient varies with relative velocity, then 
Eq. (6) becomes more difficult to solve than when yz=constant. The harmonic balanced 


method!9 can no longer be applied, and generally a high-order Runge-Kutta method or 
an improved Newton-Raphson method should be used. Of course, both of these 
methods are very time-consuming. In this section, the effect of a variable friction 
coefficient on the dynamic behavior of blades with friction dampers will be discussed 
briefly. 

Generally, there are two issues which are of most interest to a damper designer: the 
optimal normal load of the damper and the resonant frequency shift due to different 
normal loads. As discussed before, the optimal normal load is the normal load with 
which the blade has minimum resonant reponse. The frequency shift indicates the 
difference between the resonant frequencies of the free-standing blade (N=0) and the 
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Shroud Interface 


Fig. 18 Shroud with complex contact surface 
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Fig. 19 (a) Three different models of friction coefficient vs. relative 
velocity; (b) the frequency shift calculated with three different 
friction coefficients 1. wy =0.30; 2. w =0.21; 3. ~ =0.21+0.09 
exp(-0.15] y |) 
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frictional damped blade. In the following discussion a single blade with a friction 
damper will be considered. If a single-mode model is used, then Eq. (6) is the equation 
of motion. Fig. 19(b) shows the frequency shift due to different normal loads for the 
three different friction coefficients shown in Fig. 19(a). Note that the normal load N is 
normalized by the external excitation force f. Although the average value of the variable 
friction coefficient (curve 3 in Fig. 19(a)) is between the values of the two constant 
coefficients (curves 1 and 2 in Fig. 19(a)), the frequency shift calculated with the 
variable friction coefficient (curve 3 in Fig. 19(b)) is smaller than that calculated from 
the constant friction coefficients (curves 1 and 2 in Fig. 19(b)). This result indicates 
that if the actual friction coefficient is a function of sliding velocity, then a model with 
a constant friction coefficient may result in a faulty resonant frequency. In addition, the 
maximum difference between curves | and 3 in Fig. 19(b) is found in the range N/f=5 
~10, which falls right in the range of the optimal normal load. The result in Fig. 19(b) 
indicates that the frequency shift calculated from a model with a variable friction 
coefficient is always smaller than the frequency shift calculated from a model with a 
constant friction coefficient. In addition, the resonant response predicted by a variable 
friction coefficient model is higher than that predicted by a constant friction coefficient 
model. 

Although it is more difficult to measure the friction coefficient as a function of 
sliding velocity, an accurate friction coefficient is necessary for designing a correct 
friction damper. However, it is difficult to find data on friction coefficients in the 
literature. A further research work should be promoted in this area. 


6. Conclusion 


A real machine generally consists of many components which are connected 
together through different joints. Most of the joints can provide a certain amount of 
friction damping to the machine. Indeed, one might say that friction damping is the 
most important source of damping in a real machine. However, the main function of 
most mechanical joints is not to provide friction damping. A friction damper can be 
regarded as a special kind of joint. Theoretically, a friction damper is a powerful 
device for controlling the vibration of a structure. In practice, only a few examples of 
friction dampers have been used successfully. Most of the friction damping is provided 
by dry friction surfaces!8. It is very difficult to design a friction joint which has 
apparent relative motion, however, without adversely affecting the behavior of a real 
machine. This is why it is not easy to design a friction damper to control the vibration 
of a machine. The friction dampers used with turbine blades are one of the few 
successful practical examples of such dampers. The friction model and design 
considerations for a friction damper introduced in this chapter can be applied to general 
problems concerning friction interfaces. The one-mode model in Fig. 8 generally can 
be applied to study the vibration of any structure with friction interfaces. The 
transformation from a complex structure to the one-mode model can be found in 
Appendix A. The most important design factors of a friction damper are the friction 
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coefficient 4, the normal load N, the shear stiffness of the friction asperities, the 
orientation of the friction interfaces, and the external excitation force f. The 
characteristics of these factors are summarized as follows: 


(1) The friction coefficient 4 generally is an exponential function of the relative 


velocity of the friction interfaces. The main problem is that it is very difficult to 
know the exact function between yz and the relative velocity. For a preliminary 


design, the friction coefficient can be assumed to be constant and equal to the static 
friction coefficient. 

(2) The normal load N may vary with the operating conditions of the machine. For 
instance, quasi-solid blades are brought into contact via an integral shroud by the 
oversize of the shrouds circumferentially. However, the normal contact force 
(prestress) may change due to circumferential expansion caused by centrifugal 
forces or temperature. Hence the effect of operating conditions on the normal load 
should be considered carefully in advance. 

(3) The shear stiffness of the friction interfaces is on about the order of 1.0 X 107 N/cm 
for metal surfaces. 

(4) The orientation of friction interfaces can affect the coupling strength between the 
interfaces and the damping capability of the interfaces. The orientation of the 
friction interfaces should be determined according to the direction of the relative 
vibration of the interfaces. 
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Appendix A 


A blade with a typical friction damper is shown in Fig. 1. If the blade is 
discretized with the finite element method, then the equation of motion can be written 
as 


[M]{U} + [C]{U} + [K]U} = (F} + {FB} (A-1) 
Let {@,} be the i-th eigenvector of Eq. (A-1) without considering the damping, i.e., 
[K]{)} =[M]a; {®)} (A-2) 


where «@, represents the i-th eigenfrequency. The displacement vector {U} can then be 
represented in terms of the eigenvectors as 


{U} = 2 x,(1){®,} (A-3) 


If only one mode approximation is considered, say the first mode, then one can 


substitute Eq. (A-3) into Eq. (A-1) and then multiply by {D,}" to obtain 


{D,}"[ M]{@,} X(t) + (D,}/ [CH], }¥, (2) + (D,} LK]{®,} x, (0) 
= {D,}"({F} + {F}) (A-4) 


or 
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mxX,(t)+ ex (Ot+ka(O=f +f, (A-5) 
where ii 
m = {,}'[M]{®} 
c = {®,}"[C]{®} 
k = {®}"[K]{®} 
f ={®}"(F} 


fy, = {OF} 
As shown in Fig. 1, the friction damper is connected to the blade at only one point. 
Let the connecting point be the p-th degree of freedom, the corresponding component 


of the {U} vector be u,, and the corresponding component of {®,} vector be ¢, Pp: 


j be 
Then ify can be written as 


—$1 pK + (Up — Ya) when Yq = 9 
In= olties : (A-6) 
— $1 pM N,sign(up) when y, > 0 


where x,, N,, Yq. K, are shown in Fig. 1. However, according to Eq. (A-3), one has 


Uy = 9 ,X\(t) (A-7) 


So Eq.(A-6) can be rewritten as 


—Ky(x%-y) wheny=0 
PS (A-8) 
—uNsign(y) when y > 0 


where 
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Ky=8yK, 
y= yal bp 
UN = $1 ptr Ny 


Eq. (A-8) is the same as Eq. (2), and the transformed parameters Ka, y, HN are shown 
in Fig. 8. 
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ABSTRACT 


Friction models that relate normal and friction forces at sliding contacts are widely 
used in the design and analysis of many mechanical systems and components. Most 
models include many hidden assumptions and tend to be valid under rather limited sets 
of conditions. Studies of unsteady sliding, (i.e., when some combination of sliding 
speed, applied load, friction force or friction coefficient vary with time), can reveal 
some of the limitations of simplified models. In this paper we summarize a series of 
studies of unsteady sliding at a liquid lubricated line contact. The unsteadiness arises 
due to changes in sliding velocity or normal load, and sometimes includes stick-slip. 
The lubrication takes place in the mixed or boundary regimes, so that the frictional 
resistance is developed due to a combination of fluid shear over the entire contact and 
solid friction at localized asperity contacts. A number of parameters are varied and 
the key elements of any dynamic friction model are identified. It is suggested that a 
geometric approach to the problem, wherein the instantaneous friction is related to the 
instantaneous separation of the sliding bodies and the sliding velocity, can capture 
most aspects of friction behavior. 


1. Introduction 


Many important mechanical devices and machines include sliding contacts or interfaces 
which must operate under transient, oscillatory or other dynamic conditions. The design and 
analysis of such dynamic systems has become increasingly sophisticated. For example, 
control systems may require greater bandwidth or finer precision. When addressing noise 
problems such as squeaks and chirps, high frequency contact vibrations must be analyzed. 
Historically, contacts have usually been assumed to be rigid and all relevant contact behavior 
describable by a friction coefficient. Such models, will not always capture realistic contact 
behavior and more sophisticated approaches, that can account for the stiffness and damping 
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Fig. 1 Types of interface contacts. 


characteristics of the interface, along with more accurate friction relations, are likely to be 
needed. While friction coefficients may adequately describe the average or steady-state 
behavior of sliding contacts under a particular set of operating conditions, they often fail to 
capture transient or unsteady friction behavior over a wide range of conditions. 

In discussing and developing such models of frictional and contact phenomena, one should 
make a number of distinctions, as illustrated in Fig. 1. Different approaches to friction 
modeling are appropriate to the various categories listed. The first distinction is between dry 
and lubricated sliding. As we know from elementary mechanics and generations of design 
experience, dry sliding can often be described adequately by a friction coefficient, although 
its value may not be known in advance. However, we also know that the mechanical 
properties of the interface region will be significantly different from the bulk, due primarily 
to the fact that so-called engineering surfaces are not smooth. An important, if not universal, 
concept in the mechanics of friction, articulated by Bowden and Tabor’, is the idea that the 
friction force is proportional to the real area of contact. It forms the basis for the friction 
coefficient being constant for extended rough contacts, since under certain assumptions, the 
real area of contact can be shown to be proportional to the normal load’. This proportionality 
will not always hold. For example, when two smooth curved elastic bodies are pressed 
together, forming a concentrated contact, the area of contact will usually increase more 
slowly than the normal load, and the friction coefficient will decrease with load. Except at 
very light loads, dry concentrated contacts behave more like smooth surfaces, even though 
they may be somewhat rough. This assumption has been applied, with some success to 
describe both steady and unsteady (instantaneous) friction behavior**”. 

Also, contact regions possess tangential stiffness and damping. A constitutive local friction 
law, relating tractions rather than forces, that combines nonlinear normal and tangential 
stiffness and damping with a frictional boundary condition, has been proposed by Oden and 
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Martins®’. The parameters of this law can be selected in such a way that it reduces to a 
Coulomb relation, i.e., shear traction proportional to normal stress, under steady sliding 
conditions. The contact stiffness and damping are modeled as power laws. A disadvantage 
of the Oden and Martins approach is that one may need as many as eight parameters, (instead 
of just a single friction coefficient), to characterize a contact. Yet some of the more 
demanding contact dynamics problems may demand such an approach. It is becoming more 
widely recognized that contact compliance plays an important role in high frequency problems 
such as brake squeal. In this paper we will only address solid friction to the extent that it 
represents one component of the total friction. 

The characterization of lubricated friction tends to be more complicated, yet technologically 
more important than dry friction. When a full fluid film is present and there is no solid to 
solid contact, hydrodynamic or elastohydrodynamic lubrication theory, (e.g., Hamrock*) can 
be used to predict the load-carrying capacity and friction for most engineering applications, 
although time dependent problems represent only a small fraction of the tribology literature. 

However, when sliding speeds or viscosities are low, or loading is very high, only partial 
fluid films may exist. These are the regimes of mixed or boundary lubrication. The load is 
carried by a combination of fluid film and solid asperity contacts. Conceptually, the total 
friction force or torque, arises as the sum of the solid and fluid friction. The details of surface 
or asperity interactions become important, and general solutions, that employ continuum 
approaches, are not usually available. In any case, many design applications must be 
completed without such detailed analyses and friction models are often used. This is typically 
a single sliding friction coefficient for dry sliding or a friction coefficient that depends (only) 
on sliding velocity for lubricated contacts. Before proceeding, it is instructive to review some 
previous approaches to lubricated friction modeling. 


2. Background 


Most past friction modeling efforts to characterize the boundary and mixed regimes are 
quasi-steady, single-valued friction-velocity relations. Such depictions of friction-velocity 
relations are often referred to as Stribeck curves’. Stribeck suggested the parameter 7,V/W, 
where 7, V, and W are the lubricant dynamic viscosity at the inlet conditions, sliding speed 
and normal load, respectively, to characterize the various lubrication regimes. However, this 
parameter, known as the Stribeck parameter, does not collapse the friction data except in the 
hydrodynamic regime. McKee and McKee”, suggested a somewhat different normalization 
that collapses quasi-steady friction data somewhat better. Their dimensionless parameter, 
called the modified Stribeck parameter, is 7,;V(WE)°*, where E is the Young's modulus of 
elasticity. The (WE)’* term can be viewed as proportional to the average contact pressure 
that would be applied to a Hertzian line contact under the load W. Neither the Stribeck nor 
the modified Stribeck parameters explicitly include the normal separation of the sliding bodies. 

Schipper et al.!" and Schipper and Gee’, suggested a different dimensionless parameter 
called the lubrication number, L = 7V/(pRa, = H/Ra,, (where p is the mean Hertzian contact 
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pressure, Ra, the combined CLA surface roughness and H an operational parameter), in their 
recent work on concentrated lubricated contacts. The operational parameter, H, can be 
related to the theoretical film thickness for smooth surfaces. That is, the lubrication number 
is closely related to the lambda ratio, A= h,/o, where h, is the theoretical film thickness and 
a the combined RMS surface roughness. In their work, which is applicable to steady-state 
conditions, they suggested a friction coefficient model for the mixed lubrication regime. This 
model is a function of the lubrication number and empirical parameters determined from a 
generic friction coefficient versus lubrication number curve. The parameters of the model 
depend upon the transition points between different lubrication regimes, and therefore are 
specific to particular conditions, e.g., load, geometry and viscosity, limiting their generality, 
even for a given contact. 

Johnson et al.'* combined the Greenwood and Williamson” theory of contact of random 
rough surfaces, with elastohydrodynamic lubrication (EHL) theory to account for the load 
sharing between hydrodynamic pressure and asperity contact. They did not, however, 
calculate the friction forces. 

A full dynamic model of rough sliding contacts, operating in the mixed lubrication regime, 
was suggested by Rohde’ in his work on piston ring lubrication. The friction is due to 
viscous lubricant shear and the shearing of surface films at the asperities. The viscous shear 
is calculated from hydrodynamic theory using the Patir and Cheng’* model, which is based 
upon an averaged Reynolds equation. For the asperity interactions the Greenwood and 
Tripp”’ theory was used. His detailed numerical analysis requires micro-EHL parameters that 
are not readily available and also is specific to piston ring lubrication. Nevertheless, this is 
the first major work that included all the key variables necessary to model dynamic mixed 
friction. 

Hess and Soom" modeled dynamic friction behavior under unsteady continuous sliding 
conditions, using a constant time delay to capture the lag between a change in sliding velocity 
and the corresponding change in friction. However, the time delay model does not apply to 
general dynamic changes in velocity or load, but only to the particular conditions under which 
it was measured. Furthermore, the time delay model does not explicitly include normal 
motions which are the principal cause of the deviation from steady-state sliding. 

Harnoy et al.” developed a friction model with separate solid friction and fluid shear 
components, but for a different tribological situation. Their friction model, which is for a 
short journal bearing, has a fluid component developed from hydrodynamic theory and an 
empirical solid friction component. They simulated a number of unsteady sliding conditions 
and produced results which, in a number of cases, qualitatively agree with the measurements 
of Hess and Soom’. 

Extensive work on EHL traction by Johnson and coworkers””” and Bair and Winer“ 
resulted in some constitutive relations for traction. These rheological models relate the shear 
stress developed in the lubricant film to the shear strain rates, which are imposed on elements 
of the fluid by the action of sliding or rolling. 

Evans and Johnson”, extracted values of the fluid properties from experimental data. 
Using the extracted properties of the fluids, and the imposed conditions of load, speed and 
temperature at the line contact, "maps" were constructed with four different regimes: (I) 
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Newtonian, (II) Eyring, (III) Viscoelastic and (IV) Elastic-plastic. For each regime 
constitutive equations are proposed and used to predict traction. 

In this paper, we will outline the factors that should be considered in the detailed modeling 
friction at concentrated fluid lubricated contacts operating under mixed and boundary 
lubrication under unsteady sliding or loading. In mixed lubrication, the load is carried 
primarily by the fluid with solid to solid interaction also contributing significantly to the 
friction. In boundary lubrication, the load is carried primarily by the solid asperities with the 
fluid shear still contributing significantly to the friction. Traditionally, the fluid shear has not 
been thought to be important in the boundary lubrication range, but we have found it can 
seldom be ignored if a lubricant is present within the contact. These sliding and lubrication 
conditions therefore include all the complexities of both solid and fluid friction. We show 
how simple friction-velocity models break down and how a qualitative understanding of the 
mechanics of the problem can assist in formulating more accurate models. 

The fluid friction force arises via the shear of the fluid film within a contact so that: 


dV 
Fy = 7A = ree (1) 


F "ris the fluid friction force; 1; is the fluid shear stress; A, the fluid area of the contact; and h, 
the film thickness. The shear stress can be estimated as the product of the viscosity and the 
shear rate, dV/dh,. At this level we consider a spatially averaged viscosity, 7, and a shear 
rate that is the sliding velocity divided by the average film thickness. These are not, however, 
independent parameters. The viscosity depends upon temperature, and, to a lesser extent, 
pressure. The area is also not unambiguously defined, but can be thought of as a total or 
apparent contact area. Film thickness depends on the load, speed and viscosity as well as 
their time histories, in particular since squeeze film effects may also be occurring. When 
elastic deformations of the contact become important, as during certain elastohydrodynamic 
lubrication regimes, the area of fluid being sheared will depend on the load, the curvature of 
the surfaces and their elastic properties. One can therefore expect that the fluid friction can 
be expressed as 


Fs = F;(V, W, ni, &, is E’, ren b) (2) 


where a is the pressure-viscosity coefficient; ris the combined radius of curvature; E “ the 
effective elastic modulus; T the temperature at the contact and b the length of the contact. 

The solid component of the friction can be thought to arise due to the shear or rupture of 
the real area of solid contact, so that: 


| OY US (3) 


F, is the solid friction force; +, the shear strength; and A, the real area of contact. The shear 
strength of the interface material is the relevant a material property, but probably somewhat 
different from the bulk. The real area of contact is formed at a number of locations, a few or 
hundreds, where asperities come into contact. The shear strength is not known precisely and 
neither is the contact area, which depends on the load, the separation of the surfaces, the 
surface texture, the elastic properties of the components and their curvatures. Therefore, the 
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solid friction force can be written, in functional form as 
re = F,(W, (pal Onraeaeg b) (4) 


To model the total friction we add the two forces and divide by the total normal load in 
order to retain a friction coefficient, z, form of relation. Therefore, 


lepeias 
p= 


W = pV, Winks, a4 OS Ts, 6) (5) 


From the above, it should be clear that one should not expect a simple friction coefficient 
model that depends only on sliding speed to work under any but the most narrowly defined 
conditions. All of the cited variables or parameters must appear explicitly or implicitly 
(through coefficients) in a friction model. In the studies that we have done on a line contact 
we have taken the approach of significantly perturbing the load or sliding speed about some 
average load or sliding speed with a given lubricant and seeking functional relationships that 
can capture the friction behavior under the imposed time-varying conditions. A number of 
average loads, sliding velocities and lubricants were tested. The models that are presented 
cover a range of operating conditions and lubricants. The geometry, including the surface 
texture, the ambient temperature and the materials of the sliding bodies were not changed. 
We find that the separation becomes the key parameter that, when known, can unify both 
equilibrium and non-equilibrium friction behavior. This is due to the fact that the separation 
of the surfaces directly affects the shear rate, important for the fluid friction, and has a one 
to one functional relationship with the real area of solid contact, which is proportional to the 
solid friction. 


3: Experimental Procedure 


3.1. Test Apparatus 

The test apparatus used to perform the experiments in this work, is described by Polycarpou 
and Soom*”*. It consists of two subsystems, a rotational system and a nominally stationary 
rider assembly. The rider assembly holds a cylindrical sample that forms a line contact with 
the edge of a rotating disk. The contact geometry is illustrated in Fig. 2. The thickness of 
the disk is 25.4 mm. The diameter of the insert is 19 mm and its thickness is 6 mm. The 
length of the line contact is therefore 19 mm. Its width is 2a, the Hertzian contact width, 
given by Eq. (10). 

Normal loads are applied through two adjustable helical springs that are positioned 
symmetrically on the top of the rider. Time-varying velocity commands are applied to the 
rotational disk through a servomotor independently, by a function generator. The rider insert 
and the rotating disk are both made of 52100 bearing steel. The insert was heat treated and 
water quenched to a hardness of 64 Rockwell C. The rotating disk was left in a spherodized 
annealed condition with hardness of 120 Rockwell B. Two combined surface roughnesses 
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Fig. 2 Contact details. 


having RMS values of 5.0 and 7.1 x 107 m, were also used. The surface roughness 
measurements were performed using a profilometer. Sliding velocities ranged from -1 m/s 
up to 1 m/s. The lubricants used were pure naphthenic mineral oils. Their dynamic viscosities 
and pressure-viscosity coefficients at atmospheric pressure are listed in Table ile 


Table 1: Lubricant properties. 


Lubricant Dynamic Viscosity, 7 Pressure- Viscosity 
at 26° C (Pa-s) coef., a, x 10° (Pa “) 
A: Naphthenic 100 0.0254 1.954 
B: Naphthenic 360 0.103 2.543 
C: Naphthenic 1000 0.333 3.043 


D: Naphthenic 2000 0.832 3.429 
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3.2. Instrumentation 

The three components of the contact force (Tangential, F, Normal, W, and Transverse) 
were measured directly at the contact by a triaxial piezoelectric force transducer. The force 
measurement bandwidth was from DC to 3 kHz. The transverse component was always 
negligible. 

The disk velocity, V, was measured with a permanent magnet tachometer. Also, the input 
speed command, V;, was measured. A linear variable differential transformer (LVDT) was 
attached to the rider insert, in some tests, to measure tangential motions of the rider directly 
at the contact. 

The electrical contact resistance, R, was measured through a voltage divider network. The 
measurement bandwidth was from DC to 3 kHz. A constant five volt potential drop was 
maintained across the contact. A computer-aided data acquisition system performed the 
manipulations required to obtain the contact resistance. A full description of the 
instrumentation is available in Polycarpou”’. 


3.3. Apparatus Dynamic Response 

Although we have not attempted a complete modal analysis of our system, a few sets of 
impact tests were performed to identify system natural frequencies and the principal motions 
of the rider and disk associated with the various vibrational modes. Some understanding of 
the vibrational characteristics of the system is necessary to appreciate the origins of the 
oscillations that are observed during the friction experiments. 

For illustration purposes, we show, in Fig. 3(a), a frequency response function of the 
apparatus near the contact in the absence of sliding, i.e., during sticking. Six or eight peaks 
can be observed. When sliding at low speed, a similar test yields the frequency response 
function of Fig. 3(b). The response during sliding is nearly identical, although some clear 
differences can be seen in the frequency range between 900 and 1200 Hz. Evidently, the rider 
is more weakly constrained during sliding and one of the natural frequencies is significantly 
reduced. Some type of switching of the system dynamic response must take place between 
sticking and slipping. 

The rider and disk can be represented by a six degree-of-freedom planar model as shown 
in Fig. 4. X, Y and @ coordinates are the horizontal, vertical and rotational degrees of 
freedom of the rider. X‘%, Y’ and 0’ are the horizontal, vertical and rotational degrees of 
freedom of the disk/shaft assembly. The rider is supported by vertical and horizontal spring 
elements which are essentially linear. The disk is supported by tapered roller bearings which 
are the primary compliances in the lower part of the system. These compliances are nonlinear. 
The two rigid bodies are coupled through a nonlinear (Hertzian) normal contact stiffness. 
During sticking the contact region also has a finite tangential stiffness. Also, there is a 
kinematic constraint associated with the circular profile of the disk which the rider must 
follow as it moves. This constraint requires that small motions of the rider in the X direction 
are accompanied by (also small) rotations of the rider as it follows the contour of the disk. 

In principle, this planar model leads to six vibrational modes, close to the number observed 
in Figs. 3(a) and 3(b). In addition, elastic modes of the rider, the disk/shaft system, and 
remaining elements of the frame of the apparatus are present but do not seem to be significant 
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Fig.3 Frequency response function, lubricant C: (a) stationary, (b) sliding. 



































Fig. 4 Disk and rider dynamic model. 
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Table 2: Experimental system natural frequencies, lubricant A. 


MODE FREQUENCY (Hz) PRIMARY COMMENTS 
Stationary Sliding MOTIONS 
During sliding X and @follow X’. During 
ik, 200 200 X, AX’ sticking X follows X ’ and angular vibrations 8 
are observed. 
Two modes. Vertical vibrations of the disk and 
2, 280 280 X, GY’ the drive shaft on their roller bearings. Rocking/ 


Translational mode whose natural frequency 


increases with load. Y and Y “are in phase. 
Horizontal vibrations of the disk and the drive 


Sh 325 325 X’ the drive shaft_on their roller bearings. 
First elastic mode of the rider associated with the 
4. 800 780 N/A "U" shape of the rider. Usually negligible. 
Tangential motion of the rider. The stiffness of 
5. 1200 1100 Xx this mode decreases when sliding, perhaps due 


to rider offset with respect to center of wheel. 
Non rigid body mode. Mostly angular vibrations 


6. 1300 1280 X, @ (8) are observed. 
Normal contact resonance. Y and Y’ are out of 


tke 1620 1590 Y phase. 


in the frequency range of interest. Table 2 summarizes the experimental system natural 
frequencies, during sticking and sliding, at an average applied normal load of 250 N. No clear 
differences in frequency response were found between the lighter and heavier lubricant. 
However, after a long dwell period, e.g., overnight, which is long enough for most of the 
lubricant to be squeezed out from the contact, some changes were observed. Due to the 
nonlinear character of some of the contact compliances in the system, the linearized dynamic 
characteristics will be somewhat load-dependent. The mode at 280 Hz is primarily associated 
with the (uncoupled) vertical vibrations, Y ‘, of the disk against the supporting roller bearings. 
It is more significant during sticking and less significant during sliding. Another mode at 200 
Hz involves a number of degrees of freedom. This mode dominates during sticking, and is 
also observed during sliding. Between 900 and 1300 Hz we observe mostly tangential (X) 
and angular (8) vibrations of the rider. The primary normal contact resonance, a feature of 
many Sliding systems, is at 1620 Hz. Vibrations at or near these frequencies are observed 
during various phases of the sliding, sticking and during transitions between the two 
conditions. 

Later, in section 6, we will combine a simplified version of the system model, Fig.4, 
together with a friction model to accurately estimate high frequency friction transients under 
varying dynamic normal loads. 


3.4. Experimental Results 
Unsteady friction experiments under various forced velocity oscillation conditions were 
conducted. The frequency of oscillation and the DC bias of the input velocity commands 
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were varied, to achieve conditions ranging from quasi-steady, single-valued friction-velocity 
relations, to unsteady continuous and intermittent sliding, where the tangential force 
coefficient at a given load and sliding speed can take on a range of values. Two types of 
intermittent sliding were considered. In the first, periods of sticking are encountered, without 
motion reversals. The second type is with compete motion reversals. In this case, the 
transitions from positive to negative velocity and vice-versa can either occur instantly without 
noticeable sticking, or may involve an intermediate sticking phase, depending on the 
experimental conditions. 

Normal loads during a given test remained essentially constant, as measured by the triaxial 
force transducer. To investigate the effects of load and lubricant viscosity, four nominal 
normal loads, ranging from 50 to 500 N, and four lubricants, listed in Table 1, were used. 
During all experiments the relevant variables of viscosity, normal load, surface roughness, 
frequency and amplitude of oscillation, were controlled so that the conditions at the contact 
remained within the boundary and mixed lubrication regimes. Only the lower viscosity 
lubricants, A and B, will be used for modeling. For the heavier viscosity lubricants C and D, 
full film conditions were also involved, and thus the friction model, which applies to boundary 
and mixed lubrication, cannot be used, except at very low velocities. 

Fig. 5 shows two sets of typical experimental results under unsteady sliding for lubricant 
A. The input velocity command to the servodrive is a triangular wave with a frequency of six 
Hertz, as shown in Fig. 5(a). In the first experiment, shown by the dashed lines in Fig. 5(a), 
sliding is continuous and unidirectional. In the second experiment, sliding is intermittent with 
a sticking period, or dwell, of about 45 ms. The normal loads at the contact, remain 
essentially constant at 250 N, varying slightly (less than 2.5 per cent) due to the 
out-of-roundness of the disk. The friction forces are shown in Fig. 5(b). When the disk 
velocity oscillates under conditions of continuous, unidirectional sliding, the friction force is 
highest at the lowest speeds, with changes in the friction force lagging changes in velocity. 
This is the delay documented by Hess and Soom’, and is thought to be due to the fact that 
the normal separation of the sliding bodies is not able to reach an equilibrium value during 
most of the velocity oscillation. One observes a squeeze film effect if the sliding velocity 
changes rapidly. The details of the behavior depend on the dynamics of the system in the 
direction normal to sliding. 

When the macroscopic sliding is interrupted by periods of sticking, as in the second curve 
of Fig. 5(b), we still note a behavior similar to continuous sliding during most of the slipping 
phase. However, the transitions to sticking, around t = 0 and t= 0.17 s are accompanied by 
significant transient oscillations in the tangential force. These oscillations are predominately 
at 200 Hz, which corresponds to one of the system resonances, involving tangential and 
angular motions of the rider. We emphasize that these fluctuations are not really oscillations 
in the "friction" force, since no gross slip is taking place. 

The transition to sticking, which involves a change in tangential contact stiffness from zero 
to a finite value is quite abrupt. During sticking, the tangential force initially continues to 
decrease, since the velocity command is trying to drive the disk in the negative direction. 
However, it is obvious that insufficient torque is being applied to overcome the break-away 
frictional resistance. Thereafter, the velocity command increases and the tangential force rises 
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Fig. 6 Experimental friction-velocity loops of Fig. 5: (- - -) continuous, (——) intermittent sliding, 
(==uum ) quasi-steady sliding. 


until, just before reaching its peak value, gross slip begins. 

The entire oscillation takes place under boundary or mixed lubrication as confirmed by the 
contact resistance measurements which remains of the order of ohms, rather than the 
kilo-ohm range that one would observe with a full fluid film. 

Fig. 5(c) shows the film thickness parameter, f,, for both experiments. This normal 
separation measure is calculated from electrical contact resistance measurements, according 
to Appendix 2 (Eq. A6). At the lower speeds the resistance is small and does not fluctuate 
very much. At the higher speeds, while remaining low, it increases by one to two orders of 
magnitude. The fluctuations are relatively large and can be ascribed to some combination of 
normal contact vibrations and the redistribution of the load at a few different contact points 
as the asperities on the disk are swept through the contact region. The latter effect is thought 
to dominate. 

Various "friction" force versus velocity relations can be extracted from these tests. The 
simplest is to plot the tangential force against the disk velocity. Such friction-velocity 
relations, corresponding to the experiments described above, are shown in Fig. 6. The data 
from the continuous sliding experiment forms a clockwise loop that reflects the 
aforementioned delay between changes in velocity and the subsequent changes in the friction 
force. The equilibrium or steady-state friction-velocity characteristic, based on a curve-fit to 
data, obtained by changing the velocity very slowly, is shown by the solid line in Fig. 6. The 
"friction-velocity" relation for the intermittent sliding with stick is also shown. During 
sticking, the tangential force can take on a range of values. 


4. Friction Modeling 


The friction modeling was carried out in two phases. In the first phase”, single models 
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were developed, where the fluid and solid components of friction do not appear as separate 
components in the models. These models were then successfully applied to unsteady sliding 
conditions, emphasizing continuous sliding. As a result of these models, the important 
variables in characterizing unsteady friction were identified, and also the dimensionless 
groupings were determined. In the second phase”, a friction model with separate fluid shear 
and solid friction components was developed, utilizing the same independent variables and 
dimensionless groupings as the single models. This model was then used to estimate the 
instantaneous fluid and solid components of unsteady friction under continuous and 
intermittent sliding conditions. 


4.1. Single Models 


4.1.1. Model Identification 

To establish a relationship between the friction coefficient, wz, the dependent variable, and 
the independent variables of sliding velocity, V, and normal separation, h,, a functional 
identification technique, described in Polycarpou and Soom”, is used. Procedurally, the 
functional identification consists of two steps. The first is a correlation test that establishes 
the functional form of the model. The second step is the parameterization of the model 
through a nonlinear least square algorithm. This method does not assume a priori knowledge 
of the model or its functional form. 

The empirical models are obtained under steady normal loads and under relatively slowly 
varying, (less than ten Hertz oscillation), velocities. Under these conditions, it was found” 
(Appendix 2) that the measured contact resistance, R, could be related to the smooth surface 
EHL theoretical central film thickness, representing an average separation. The model, 
therefore provides a direct relation between the friction and the normal separation. 

In seeking a relationship between yz = p (V, h,), the friction coefficient and the sliding 
velocity as measured from the experiments were used. Since there is a direct relationship 
between smoothed resistance and the film thickness, the contact resistance was used in 
determining the model. 


4.1.2. Parameterization 

Out of the few hundred candidate functions (models) that were run, two models were 
selected for parameterization. The first is a "simple" model ( in terms of the functional form) 
and the second is the best performing, so-called, "complex" model. Before proceeding, 
however, it was necessary to incorporate effects of the various combinations of normal load, 
viscosity and pressure-viscosity coefficient into the model. The parameterized models which 
we term the "simple" and "complex" models are 
Simple Model: 
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Complex Model: 
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Where V’ is a dimensionless velocity parameter given by 
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R’ is a dimensionless separation parameter, given by 


R 


ras (9) 


R,= 35 Q, is a limiting contact resistance, determined experimentally. Resistance higher than 
R, indicates that operation is beyond the mixed lubrication regime; 7, is a reference viscosity 
at the inlet conditions; a is the semi-contact width given by Hertzian theory 


Cn eae 10 
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r’is the effective radius of curvature of the two contacting bodies; E’ is the effective elastic 
modulus. c’; (i =1-3) and ¢, (i =1-5) are empirical constant coefficients fitted to the 
experimental data and are, for the Simple Model: ¢ 7 = 1.25 x 10 ese 27x 10 eg= 
3.36 x 10°, and for the Complex Model: c, = 7.50 x 10°; c, =-1.20 x 10*; c; = 1.96; ¢,= 
9.80 x 10°; c, = 9.38 x 10°. 

In examining these models, the reader is cautioned against interpreting the coefficient, ¢,, 
as a boundary friction coefficient near zero velocity. We have shown elsewhere””®, that when 
the contact is operating under unsteady sliding conditions, the friction behavior near zero 
velocity can not be interpreted in this way. This is due to the fact that the separation 
continuously changes near zero velocity, influencing both the solid and fluid shear 
components of the friction independently of the sliding speed. 


4.2. Two-Component Model 

In the previous section (section 4.1.) and in Polycarpou and Soom”, friction models have 
been described for a particular line contact geometry operating under a range of conditions. 
These two-dimensional empirical models describe friction as a function of the sliding velocity 
and the instantaneous separation of the sliding bodies, normal to the sliding direction. The 
models were applied to steady and unsteady continuous sliding and to intermittent sliding”, 
and estimated the friction behavior quite well. 

Although these models captured the essential ingredients of mixed and boundary friction 
behavior over a wide range of conditions, they have the disadvantage that their functional 
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form is somewhat arbitrary, without a clear physical interpretation. Both the fluid shear and 
solid components of friction are intertwined in the model, not appearing as separate terms. 

The friction model presented in this section” employs the same independent variables, with 
the additional advantage that the fluid shear and solid components of friction are separated. 
This form of the model provides an unambiguous interpretation of the physical phenomena 
that take place during unsteady sliding, especially during stick-slip and slip-stick transitions 


4.2.1. _ Model Identification 

To establish a relationship between the friction coefficient, sliding velocity and normal 
separation, the functional identification technique, described in section 4.1. is used. 

Before presenting the mathematical form of the model, it will be helpful to describe in 
qualitative terms, the different variables that should appear in the two components of friction. 

The requirements for the fluid shear component are that it: 

(a) bea function of both the instantaneous sliding velocity, the normal separation (film 
thickness), the contact width and the inlet viscosity, and 
(b) diminishes as the sliding velocity goes to zero (i.e., 4, = 0 at V = 0). 

A functional form that satisfies the above requirements is the complex term of the 
previously presented two-dimensional complex model, Eq. (7). 

The requirements for the solid friction component are that it: 

(a) be a function of the separation only, and not the sliding velocity or the fluid properties 
and 

(b) decrease as the separation increases. When full film is attained the solid friction goes to 
zero. 

To develop the friction model with separate components for fluid shear and solid friction, 
the following approach was followed: The complex form of the previously developed two- 
dimensional complex model was adopted as the fluid shear component. Then, using the 
functional identification technique, various candidate models were examined for the solid 
friction component, which were added to the fluid shear, to give the total friction. Several 
experiments under various constant normal loads and different sliding conditions ranging from 
quasi-steady to unsteady sliding, including sticking and motion reversals, were used. 

Among several functions that were evaluated as potential solid friction components of the 
friction coefficient model, the following function was chosen because of its simplicity and its 
overall performance 


on 


b(t) = TfoRO (11) 


4.2.2. Parameterization 

To incorporate effects of the additional parameters of normal load, viscosity and pressure- 
viscosity coefficient into the model, the same dimensionless variables were used as in the 
single models, Eqs. (6), (7). The parameterized model, which we term the "complex" two- 
component mixed friction model is 
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where ¢; (i= a - €) are empirical constant coefficients fitted to the experimental data. For the 
conditions considered in this study, these coefficients are: c,= 2.31; c,= 1.10 x 10°; c= 3.22 
x 10°; c= 7.00 x 10°; c= 3.38 x 10*. It should be noted that in forming this model we are, 
in fact, adding solid and fluid friction forces rather than friction coefficients, i.e., 
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J Simulations and Comparisons With Experiments 


5.1. Continuous and Intermittent Sliding 


The proposed friction models, Eq. (7) for the single model and Eq. (12) for the two- 
component mixed friction model, are used to estimate the friction coefficient of the 
continuous sliding experiment of Fig. 5. Fig. 7 shows the friction coefficient-velocity curves 
for both models and the experiment as well. Both models capture the multi-friction behavior 
quite well with the single model being somewhat superior. Similar results are obtained when 
we apply the models to intermittent sliding. Fig. 8(a) shows the single model estimation on 
a similar intermittent sliding experiment as the one of Fig. 5, and Fig. 8(b) the two- 
component model estimating the intermittent sliding experiment of Fig. 5. From these 
simulations it is evident that, overall, the single model is somewhat superior. 


an Experiment 
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Fig.7 Friction simulations, lubricant A, W = 250 N, continuous sliding: (#¥+) experiment, (- - -) 

single model, (——) two-component model. 


214 A. Polycarpou and A. Soom 









Experiment, Total 
Model, Total 


Single Model 


0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 


Experiment, Total 
Model, Total 







2—Component Model 


0.0 0.1 Oi O25 0.4 O:5 0.6 0.7 
V (m/s) 
Fig.8 Friction simulations, lubricant A, W = 250 N, intermittent sliding with stick: (FF) 
experiment, ( ) model: (a) single, T, = 15 ms; (b) two-component, T, = 45 ms (Fig. 5). 





As discussed in section 4, the single models have the disadvantage that their functional form 
is somewhat arbitrary, without a clear physical interpretation. The two-component mixed 
friction model, on the other hand, has the advantage that the fluid shear and solid components 
of friction are separated. This form of the model provides an unambiguous interpretation of 
the physical phenomena that take place during unsteady sliding. 

Next, the two-component mixed friction model with its separate fluid and solid components 
is demonstrated, and referred to as the model. Fig. 9(a) shows the estimated and measured 
tangential force coefficient for one cycle. Also shown in Fig. 9 are the solid and fluid 
components of friction as calculated from the model. When the sliding velocity is near zero 
the normal separation is minimum and thus the solid friction is at a maximum. Near zero 
velocity, the solid friction is also the total friction coefficient, since there is no fluid shear. As 
the sliding velocity increases, the normal separation also increases. As a result, the solid 
friction decreases. The fluid shear component, wz, is zero during sticking, i.e., zero velocity. 
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Fig.9 Friction simulations, lubricant A, W = 250 N, intermittent sliding with stick: (FF¥) 
experiment, (v0) model, (- - -) estimated fluid shear, (- -- -) estimated solid friction: (a) friction 
coefficient 1 vs. time [includes V]; (b) friction-velocity loops [include traction calculations for 
Newtonian (===) and Eyring {ouz) fluids]. 


Exiting the stick regime, as the speed increases, the fluid friction also increases until it reaches 
amaximum. The fluid friction then decreases, presumably due to thermal (heating) effects, 
which reduce the viscosity faster than the shear rate increases. During deceleration, the fluid 
shear increases, until sticking is reached, whereupon it falls to zero again. For this particular 
combination of load, speed, viscosity and surface roughness, the magnitudes of the solid and 
fluid friction are nearly equal over the range shown. It should be pointed out that this 
behavior applies only to the boundary and mixed regimes. Under full film conditions, the 
solid component will decrease to zero, although this is not apparent in the figure. 

Fig. 9(b) shows the friction-velocity loops for the same case. The solid friction loop, 
obtained by plotting the solid friction (second component of Eq. (12)) versus the sliding 
velocity, depicts a fairly uniform loop, Le., with nearly the same breadth at all velocities. The 
fluid shear-loop, on the other hand, shows a broader loop at lower than higher speeds. The 
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transitions from stick-to-slip are less abrupt in the model than in the experiment. The traction 
relations given by Evans and Johnson” and Johnson and Greenwood” are used to predict the 
fluid friction coefficient for the case just described. Since operation is restricted to the 
Newtonian and Eyring regimes, the elastic compliance of the metal surfaces is neglected. 
Therefore, the friction coefficient predicted from these relationships is the steady-state fluid 
shear component of the total friction. To use the constitutive relationships we need to know 
the regime in which we are operating and also the fluid properties, including the viscosity, 7, 
and Eyring stress, t,. To find 7 and t, the method suggested by Evans and Johnson” is 
followed. That is, 7 and rt, are obtained by fitting a relationship between the estimated fluid 
friction coefficient and the shear strain rate. The values found are comparable with those 
reported by Evans and Johnson, for a similar mineral oil. The film thickness, which is also 
needed in the traction calculations, is calculated from Dowson and Higginson”, and 
represents an estimate of the central film thickness for smooth surfaces. 

Since the traction relations are for steady-state conditions, they will not capture the mullti- 
valued friction-velocity behavior. The Newtonian prediction, shown in Fig. 9(b), is valid from 
the maximum velocity down to around 0.15 m/s. Below 0.15 m/s the Eyring constitutive 
relation is used, also shown in Fig. 9(b). This calculation seems to be valid from 0.15 m/s 
down to 0.02 m/s, which corresponds to a lambda ratio, A of 0.1. For small A values, 
asperity interactions prevail, and the fluid traction may not be a function of the bulk 
properties of the fluid only. In our case the traction relations appear to work satisfactorily 
at A values (= 0.1) well below the ones suggested (= 0.5) by Evans and Johnson”. Also, 
Hertzian rather than micro-EHL pressures were used. 

The steady-state friction coefficient estimated from the traction relations is in close 
agreement with the fluid shear estimate of the two-component model, Eq. (12). This confirms 
that our interpretation of the two components of friction is essentially correct. 

Next, the model is used to estimate the friction coefficient for the continuous sliding case, 
also shown in Fig. 5. The friction-velocity loops for this case, are shown in Fig. 10. When 
the velocity is low, both fluid shear and solid friction are maximum of about the same 
magnitude. When the velocity increases, both components of friction decrease. Again, the 
shape of the fluid shear closer resembles the shape of the total friction. 

We also consider another case with a higher viscosity lubricant (lubricant B), a longer stick 

time of 62 ms, and a steady normal load of 170 N. With the higher viscosity lubricant one 
would expect the fluid shear component to be larger. Fig. 11 shows the experimental, as well 
as the simulated friction-velocity loops. As expected, the fluid shear is now considerably 
larger than the solid friction at low velocities, ie., from zero to about 0.2 m/s. Also note that 
the solid friction component is smaller than in the previous cases. This is due to the 
separation being larger. 


Bw’, Complete Motion Reversals 

Next, will apply the model to complete motion reversals. The cases that will be presented 
here involve symmetric or nearly symmetric motion reversals, which are the most commonly 
encountered in practice. 

Fig. 12 shows an experimental result with a nearly symmetric motion reversal with lubricant 
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Fig. 10 Friction simulations, lubricant A, W = 250 N, continuous sliding: (FFF) experiment, Me 
model, (- - -) estimated fluid shear, (- -- -) estimated solid friction. 
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Fig. 11 Friction simulations, lubricant B, W = 170 N, intermittent sliding with stick: (FF) 
experiment, (000) model, (- - -) estimated fluid shear, (- -- -) estimated solid friction component. 


A and a steady load of 270 N. The input velocity command and the sliding velocity for two 
cycles are shown in Fig. 12(a). The input command is a triangular wave. Motion reversal is 
abrupt with brief sticking periods of about 1 ms. At the reversal, we observe a brief 
oscillation with a frequency of 500 Hz, which corresponds to a system resonance. 

The friction-velocity loop for this experiment, as well as for two other experiments under 
similar conditions of speed and lubricant, but different normal loads, are shown in Fig. 13. 
For the experiment at the 250 N load, also in Fig. 12, the broadest loops are observed, 
corresponding to the strongest squeeze film effect. For the second experiment, with a load 
of 170 N, the peak friction is not captured by a friction coefficient, e.g., the typical boundary 
or static friction model. In both cases, operation is in the boundary and mixed regimes. 
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Fig. 12 Dynamic experimental data, lubricant A, W = 250 N, momentary reversal: (a) (- - -) velocity 


input command, V,, (——) sliding velocity, V; (b) tangential force, F; (c) film thickness parameter, Te 
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Fig. 13 Experimental momentary reversal friction-velocity loops, lubricant A, normal loads W: (——) 
70 N, (-- -) 170 N, (--- -) 250N. 


When the load is further decreased to 70 N, a full film, as measured by the contact resistance, 
was achieved at velocities beyond + 0.4 m/s. 

The model is then used to estimate the components of friction for the experiment of Fig. 12. 
Fig. 14(a) shows the experimental and simulated friction coefficients versus time and Fig. 
14(b) shows the friction-velocity loops. The model performs somewhat better in the positive 
than negative direction. This is ascribed to a small geometric asymmetry in the experimental 
set-up. 

It is also of considerable interest to examine the friction-velocity characteristics of 
momentary reversals for different lubricants. Fig. 15 shows the experimental friction-velocity 
loops for 3 similar experiments at a 250 N normal load and lubricants A, C and D. As the 
viscosity is increased, the friction forces decrease. However, there are also changes in the 
shapes of the "friction-velocity" characteristics. The velocity at which the maximum friction 
occurs during acceleration, does not vary monotonically with viscosity. Clearly, the two 
higher viscosities (C and D) lead to more desirable (positive slope), friction speed 
characteristics in the 0 to 0.1 m/s sliding speed range. The friction-velocity relation during 
deceleration remains quite flat for the heavier lubricants. The solid and fluid friction 
components interact in a complex manner during unsteady sliding in general, and motion 
reversals in particular. 


6. Unsteady Normal Loads 


Friction models are used in the simulation and design of many dynamic and control 
systems****, One serious weakness of current models is that they are mostly one dimensional 
functions of sliding velocity. In section 4%”, two-dimensional quasi-steady friction models 
have been presented that explicitly include the normal separation of the sliding bodies. To 
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Fig. 14 Friction simulations, lubricant A, W = 250 N, momentary reversal: (#F+) experiment, (000) 


model, (- - -) fluid shear component of friction, (- -- -) solid friction component: (a) friction coefficient p 
vs. time [includes V]; (b) friction-velocity loops. 


employ these friction models under dynamic loading conditions, the models must be combined 
with the normal dynamics of the sliding system. 

In this section, which is based on Polycarpou and Soom**”®, the nonlinear normal dynamics 
of the friction test apparatus are described by a linearized model at a particular steady loading 
and sliding condition in a mixed or boundary-lubricated regime. The Hertzian bulk contact 
compliance and film and asperity damping and stiffness characteristics are included as discrete 
elements. First, a fifth order model is suggested for the normal dynamics of the system. 
Second, the system model is combined with the simple single friction model, Eq. (6), 
developed independently, to describe dynamic friction forces under both harmonic and 
impulsive applied normal loads. 
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Fig. 15 Experimental momentary reversal friction-velocity loops, W = 250 N, lubricants: (----) A, 
(----)C,(—)D. 





6.1. System Model 

In section 3.3. the apparatus dynamic response was presented, and a six degree-of-freedom 
model was suggested (Fig. 4) to represent the apparatus. To model dynamic friction, we are 
principally interested in the relative normal motions at the contact. This is in view of the 
friction models that were presented in section 4. Only the normal degrees of freedom (Y, Y *) 
of the system will be considered here. This is an approximation of the system depicted in Fig. 
4, but, as will become clear below, it adequately captures the normal dynamics of the 
apparatus and the instantaneous separation of the sliding bodies, which are essential for 
predicting the friction coefficient. Recall that the bulk Hertzian normal contact stiffness, the 
film characteristics, and the stiffness of the lower part of the system are nonlinear. Only a 
linearized model will be considered in this work. The linearization is about a steady normal 
load. While this is also an approximation of the physical system, we will see that the essential 
mechanics of the problem are captured. 

Considering these simplifications, the resulting system model to be considered is shown in 
Fig. 16. The contact is loaded by the rider weight, by an external mean (steady) load, W, and 
by a general dynamic load, P,. P, can be a harmonic, a band limited white noise, a step 
change or an impact load. The displacements of the rider y,, the disk y,, and the coordinates 
at the contact, y, and y,, are measured from their equilibrium positions during sliding, at the 
load and speed at which the system is linearized. The equations of motion during contact, 
obtained from summing forces on the masses and coordinates, result in a fifth order system 
model. 

The parameters in the equations of motion of the system were estimated using the 
Eigensystem Realization Algorithm (ERA)**”’, and also by classical experimental modal 
analysis techniques. The linearized system model, Fig. 16, was then tested with a very high 
frequency impact force excitation on the rider. This is done using an impact hammer. Fig. 
17(a) shows the impact force applied during an experiment with lubricant B, a mean load of 
160 Newtons, and a steady sliding speed of 0.07 m/s. Using the measured force, as the input 
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Fig. 16 System dynamic model. 


to the model, the predicted acceleration of the rider, is compared against the experimental 
result, and shown in Fig. 17(b). The model performs reasonably well. The predicted initial 
accelerations are somewhat larger than the experimental ones. 


6.2. Friction Transients 

Empirical friction models were obtained under steady normal loads and under relatively 
slowly varying (less than ten Hertz oscillation) velocities. Under these conditions, it was 
found that the measured contact resistance could be related to the smooth surface film 
thickness (Appendix 2), providing, in the model, a direct relation between the friction and the 
normal separation. In this section, the sliding velocity is held constant while the normal load 
is changed dynamically, with frequency content beyond 2000 Hz. The simpler model, Eq. 
(6), will be used here, since both simple and complex models provide equivalent results under 
the test conditions of the present work. 

In the presence of dynamic normal loads, both the film thickness, h,, and the half-contact 
width, a, vary with time. The friction model itself however can be considered to be quasi- 
steady. 

The dynamic load, P,(t) is applied to the rider mass in the system model and the motions 
YpYp Y2 and y, are obtained analytically. The instantaneous film thickness is then calculated 
from 
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ho(t) = ya(t) — yr(t) + hoss (14) 


where h,,,, is the film thickness at the operating point, calculated at the steady state load and 
speed. 

The instantaneous normal load at the contact, W(t), is obtained from the model by 
computing the force in the spring k,,, that is 


W(t) = kor[yi(t) — yr (t)] + Wes (15) 


where, W,, is the mean load. To further test the accuracy of the dynamic model, the estimated 
instantaneous normal load will be compared with the measurements. 

The instantaneous friction coefficient, y(t), is then estimated by substituting for #,(t) and 
a(t) in Eqs. (6) and (A5). That is, 


ce aV (8) 


1+ e4 (22)? (2) ( HY =) 


u(t) = (16) 


Next, we compare the results of the combined friction and dynamic models with 
measurements. Consider the same test of Fig. 17 in which a 54 N impact is applied to the 
rider. The dynamic contact force is shown in Fig. 17(c), along with the force that is estimated 
using the normal dynamic model. The initial force peak is modeled precisely and the 
subsequent force oscillations are modeled with a small error in the 2 to 10 ms time interval. 
The corresponding measured and modeled friction coefficients are shown in Fig. 17(d). 
Initially, as the load increases, the friction coefficient decreases more than 20 percent. 
Subsequently, the measured friction coefficient oscillates with a somewhat smaller amplitude 
than the modeled value. 

When the system is excited at other frequencies, away from system resonances, similarly 
good results are obtained. If the rider is excited at a frequency near one of the system 
resonances, the behavior becomes more complex. System nonlinearities and coupling among 
motions can result in nonlinear resonances and larger amplitude dynamic motions that are 
difficult to describe. Although the friction model will generally remain valid under such 
conditions, the complexity of the dynamics of the entire system is likely to limit applicability 
of our modelling efforts. 

It should be noted that Eq. (14) is counter-intuitive, since it basically says that the 
instantaneous normal approach of the sliding bodies is accompanied by a corresponding 
increase in the film thickness. The physical explanation of this increase in the average film 
thickness, is that a dimple is formed at the center of the contact, entrapping fluid. 

There remains the question: Under what conditions is Eq. (14) valid? For low frequency 
normal excitations, (below 10 Hz in our apparatus), the instantaneous change in separation 
is simply equal to the approach (section 5). The oscillations are slow enough that fluid flows 
out of the contact region as the normal load increases. Under such conditions, the phase 
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difference between the time-varying load and the approach is close to zero. Also, the phase 
difference between the normal input force, W, and the friction coefficient, w, is close to zero. 
As the frequency of normal load fluctuations is increased, an increasing phase shift between 


W and yp, is observed. The friction force lags the input load due 


to the squeeze film effect. 


Similarly the friction coefficient, which is simply the friction force divided by the total normal 


load (W + P,), lags both the input and the friction force. 


The case presented in this section is a high frequency region where the phase difference 


between W and yw has reached 180°, i.e., they are out of phase. 
approach is [y,(t) - y,(t)], but the instantaneous film thickness, h, 
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Fig. 17 Dynamic normal excitation: impact force of 54 N, lubricant B, W,, = 160 N, V,, = 0.07 m/s: 





(a) input Force; (. 
coefficient. 


) experiment, (- - -) model: (b) rider acceleration; (c) contact force; (d) friction 


In this case the normal 
(t), is calculated using Eq. 
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Fig. 17 (continued) Dynamic normal excitation: impact force of 54N, lubricant B, W,, = 160 N, V,= 
0.07 m/s: (a) input Force; ( .) experiment, (- - -) model: (b) rider acceleration; (c) contact force; (d) 
friction coefficient. 





In an intermediate frequency range, or transition range, between these two extreme cases, 
one finds a phase difference less than 180° and the relationship between approach and 
instantaneous normal separation is more complicated. The transition range for a given 
geometry depends on the operating parameters, such as normal load, lubricant viscosity, and 
sliding speed. 


Tes Conclusions 


Both single and two-component, two-dimensional friction models at a lubricated line 
contact, operating in boundary and mixed lubrication regimes, have been presented. The 
friction coefficient is made-up of the solid and the fluid shear components. The solid 
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component is due to the asperity interactions and the fluid friction from the shearing action 
of the lubricant present at the interface. 

The models have been applied to quasi-steady sliding and unsteady continuous and 
intermittent sliding, including sticking and momentary reversals of motion. The models 
describe friction behavior under all these conditions quite well. With the two component 
model it becomes possible to track the instantaneous fluid shear and solid friction 
components. The fluid shear component is also compared with steady-state predictions using 
the constitutive relations of other researchers for traction calculations in EHL contacts. Both 
the solid and fluid friction components contribute to the multi-valued friction behavior during 
unsteady sliding. 

The ability of the two-dimensional, two-component mixed friction model to accurately 
estimate dynamic friction behavior over a wide range of conditions, indicates that the 
inclusion of the normal separation and the separate solid and fluid shear components, are key 
elements of a dynamic friction model. 

A linearized normal dynamic model of the sliding system was and combined with one of the 
friction models, obtained separately from the same apparatus, to provide estimates of the 
friction under highly dynamic loading conditions. The friction model, developed from 
measurements at constant normal load and slowly varying sliding speeds, includes the normal 
approach of the sliding bodies as a key variable. From the combined model, estimates of 
friction under transients associated with short duration impacts are compared with 
measurements. The very good agreement between estimates and measurements indicates that, 
while a good friction model is required, a crucial and most variable aspect of the modeling of 
dynamic friction is the representation of the normal dynamics of the sliding system. 

We therefore propose that a lubricated friction model that is written in terms of 
instantaneous contact geometry, i.e., the average separation, can capture friction behavior 
over a wide range of steady and unsteady sliding conditions. 
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Appendix 1: Nomenclature 


Af Fluid area of the contact, m? 

A, Real area of contact, m? 

a Hertzian semi-contact width [a = {(4Wr’)/(rbE’)}/7], m 
b Length of the contact, m 


¢; (i =1-—5) Empirical constant coefficients of the complex, single friction 
model, Eq. (7) 

¢; (i =a—e) Empirical constant coefficients of the two-component friction 
model, Eq. (12) 

c.(t=1-—5) Empirical constant coefficients of the simple, single friction 


model, Eq. (6) 


d Empirical constant coefficient of the R, h, relationship (Eq. 
(A5)) 
dV/dh, Shear rate, s~! 


E Young’s modulus of elasticity, Pa 

FE Effective elastic modulus [1/E’ = (1 —v?)E, + (1 — v3)/ EF], Pa 

F Tangential (Friction) Force, N 

Fy Fluid friction force, N 

1B Solid friction force, N 

g Acceleration due to gravity, m/s? 

Be Theoretical central (average) film thickness, Eq. (A1); Instan- 
taneous film thickness (normal separation) [ho = y2—y1 + hoss|, 
m 

A Film thickness parameter, Eq. (A6), m 

eee Steady-state film thickness, m 

Dimensionless film thickness, Eq. (A4) 

Bere Stiffness and damping coefficients of the contact, respectively, 
N/m, N-s/m 
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Bulk stiffness coefficients of the rider and disk, respectively, 
N/m a 

Stiffness and damping coefficients of the disk, respectively, 
N/m, N-s/m 

Lubrication number [L = nV/(pRa:) = H/Ra,]; H Operational 
parameter, m 

Mass of rider and disk, respectively, Kg 

Dynamic normal load applied on the rider, N 

Dynamic normal load applied on the disk, N 

Mean Hertzian contact pressure [p = W/(2ab)], Pa 

Electrical Contact Resistance, 2 

Dimensionless separation parameter [R* = R/Rz| 

Limiting contact resistance, {2 

Combined CLA surface roughness, m 

Relative curvature of the two contacting bodies, 1, 2 [l,r’ = 
1/r; + 1/r2], m 

Temperature at the contact, °C 

Dwell (stick) time, s 

Horizontal, Vertical and rotational coordinates of the rider 
Horizontal, Vertical and rotational coordinates of the 
disk/shaft assembly 

Displacements of the rider, disk, and coordinates 1 and 2, re- 
spectively (Fig. 16), m 

Sliding velocity, m/s 

Input velocity command, Volts 

Steady sliding velocity, m/s 

Dimensionless velocity parameter [V* = n,aV/a] 

Normal load, N 

Mean normal load, N 

Pressure-viscosity coefficient, Pa-1 

Rolling speed [AV = (Vj + V2)/2]. In this work [AV = V/2], 
m/s 

Mean lubricant viscosity at the contact, Pa-s 

Lubricant dynamic viscosity at the inlet conditions, Pa-s 
Reference dynamic viscosity at the inlet conditions, Pa-s 
Lambda ratio (film parameter) [A = h,/o] 

Friction coefficient 

Fluid shear component 

Solid friction component 

Poisson’s ratio 

Combined RMS surface roughness [o = {o? + o?}1/?], m 
Fluid shear stress, Pa 

Reference (Eyring) stress, Pa 

Shear strength of the interface material, Pa 
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Appendix 2: Contact Resistance - Theoretical Central Film Thickness Relation 


The relevant normal motions at the interface were quite small, usually ranging from 0.03 
to 0.5 pm, and were detected indirectly by contact resistance measurements. The two- 
dimensional models of boundary and mixed friction presented in this work include two 
important independent variables. One is the normal separation of the sliding bodies, 
perpendicular to the sliding direction and the other is the sliding velocity. Electrical contact 
resistance measurements are used to represent the normal separation of the sliding bodies. 
Resistance measurements in the boundary and mixed lubrication regimes can only be used to 
represent the separation of the sliding bodies under "quasi-dynamic" conditions. That is, for 
resistance fluctuations of few Hertz to few tens of Hertz. High frequency resistance 
fluctuations do not necessarily represent high frequency relative motion of the contacting 
bodies. They often represent single asperity interactions that are unrelated to the normal 
separation of the sliding bodies. In section 6**°°, a system dynamic model of the sliding 
bodies was presented and the motions from this model are used directly for the friction 
estimation. 

However, the contact resistance is initially used in the friction models. We need to establish 
a relationship between the contact resistance and the normal separation. A good measure of 
the normal separation for lubricated contacts is the central film thickness. To establish a 
relationship between contact resistance and the theoretical central film thickness additional 
experiments were performed. These experiments were carried out under steady-state 
conditions: The normal load and the sliding velocity were nominally constant and the contact 
resistance was measured. The experiments were repeated for the full range of normal loads, 
lubricants and sliding velocities of interest in this work. 

The general trends, such as load and velocity dependence of the contact resistance agree 
with the work of other researchers. To quantify the contact resistance-film thickness 
relationship in the boundary and mixed lubrication regimes, the central film thickness, h,, for 
a line contact between smooth surfaces was calculated from the Dowson and Higginson” 
formula. This formula applies to a range of combined rolling and sliding conditions, whereas 
the present work deals with pure sliding. However, the work reported here strongly suggests 
that this formula is sufficiently accurate for the purpose at hand. Therefore 


= ! an; AV Due ie 
he = Deo) r (a) (2aE’)°!°(ap) 0.26 (Al) 


Where AV is the rolling speed given by 


ay= 4th 


(A2) 


In this work AV=V/2 since the rider is stationary. p is the mean contact pressure and is given 
by 
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is (A3) 


Yah 


To represent the lubricants, sliding speeds, normal loads and surface roughness under 


consideration, with a single resistance-film thickness relationship the following dimensionless 
film thickness quantity, h* is defined 


pos ents (A4) 





Fig. A.2.1 shows the contact resistance, R, versus the dimensionless film thickness, h*. The 
data represents two lubricants, (lubricants A and B), four normal loads for each lubricant and 
a number of sliding velocities. The combined surface roughness for these experiments was 
about 0.05 m.. Although there is some scatter in the data, the dimensionless film thickness 
collapses the data well. The scatter in the data is probably due to the inability of the 
dimensionless film thickness to accurately account for the different conditions considered, 
rather than inconsistencies in the experiments. 





0 10 20 30 40 50 60 70 80 
h* 
Fig. A.1. Contact Resistance, R, versus dimensionless film thickness, h*: experiments: (+ +) lubricant 


A; (0 0) lubricant B; (¢ .) model. 





For the conditions under consideration, the following dimensionless mathematical model 
describes the relationship between the contact resistance and the film thickness with sufficient 


accuracy 
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fate = 


ok R oe ke 
= ee aaa oV no (A5) 


Resistance higher than R, indicates that we are no longer operating in the boundary and 
mixed lubrication regimes, or that the model is no longer valid. At higher values the 
resistance fluctuated rapidly, indicating that full-films were being achieved intermittently. 
These regimes are considered to be outside the scope of the preset work In our experiments 
R, was found to be about 35 Ohms; d = 0.0245 is an empirical constant fitted to our data. 
When the contact resistance measurement, R, is used to calculate the normal separation, or 
film thickness parameter, f,, as in Figs. 5(c) and 12(c), then Eq. (A5) is rearranged as follows 


ho — wich, he 1 (1 = x) 
ate 5 R, (A6) 


In developing a model for the resistance film-thickness relationship, the theoretical film 
thickness for smooth surfaces was applied to the rough surfaces studied in this work. Some 
of the implications of using smooth surface theory to rough surfaces is discussed by Johnson, 
et al.°, and Evans and Johnson”’. The influence of surface roughness on the behavior of 
elastohydrodynamically lubricated contacts is usually characterized by the film parameter, A. 
Evans and Johnson found that for A > 5, the traction between two rolling and sliding surfaces 
is negligibly influenced by surface roughness. It is governed by the bulk rheological 
properties of the lubricant. When 0.5 < A < 6 then, traction is still governed by the bulk 
rheological properties of the oil, but at a pressure corresponding to the mean contact pressure 
of the asperities (micro-EHL). For A < 0.5, then, asperity interactions prevail (boundary 
lubrication), and the traction is not a function of the bulk properties of the fluid only. The 
role played by solid friction and film breakdown under these circumstances remains unclear. 

In this work the film parameter, A, is sufficiently small, always under 2.0, for all lubricants. 
Typically, the film parameter ranges range from 0.1 to 1.5, which further supports the 
observation that operation is under boundary and mixed lubrication”. 
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